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ABSTRACT 
S t r u c t u r a l S t a b i l i t y o f U n i d i r e c t i o n a l CFRP T h i n - w a l l e d 
O p e n - S e c t i o n Columns, 
D a v i d J , Lee 
T h e o r e t i c a l and e x p e r i m e n t a l i n v e s t i g a t i o n s i n t o 
t h e c o m p r e s s i v e b u c k l i n g b e h a v i o u r o f u n i d i r e c t i o n a l 
CFRP t h i n - w a l - i e d c h a n n e l s e c t i o n s s u b j e c t t o b u i l t - i n 
end c o n d i t i o n s a r e d e s c r i b e d . L o c a l and o v e r a l l modes o f 
i n s t a b i l i t y a r e c o n s i d e r e d and.the e f f e c t s o f t r a x i s v e r s e 
s h e a r on b o t h modes a r e d i s c u s s e d . P a r t i c u l a r emphasis 
i s g i v e n t o t h e development o f l o c a l i n s t a b i l i t y t h e o r y 
f o r o r t h o t r o p i c m a t e r i a l s and t h e b a s i s f o r d e s i g n 
c h a r t s f o r a r a n g e o f t h i n - w a l l e d o r t h o t r o p i c s e c t i o n s 
i s i n c l u d e d , . These a n a l y t i c a l developments a r e 
a ccompanied by an i n v e s t i g a t i o n o f n u m e r i c a l methods i n 
w h i c h a f i n i t e d i f f e r e n c e t e c h n i q u e i s a p p l i e d t o s i n g l e 
o r t h o t r o p i c p l a t e s and a f i n i t e e lement programme i s 
u s e d w i t h m u l t i - p l a t e s e c t i o n s . Good c o r r e l a t i o n i s 
ob'served '. b e t w een a n a l y t i c a l l y and n u m e r i c a l l y d e r i v e d 
b u c k l i n g l o a d s . B u c k l i n g a n a l y s e s a r e c o n f i n e d t o 
c l a s s i c a l l i n e a r i s e d t h e o r i e s ajid t h e s e n s i t i v i t i e s t o 
e c c e n t r i c l o a d i n g , a p p l i e d end moments, and i m p e r f e c t 
end r e s t r a i n t s a r e d e m o n s t r a t e d . The p u l t r u s i o j i i . p r o c e s s 
f o r m a n u f a c t u r e o f c o n t i n u o u s u n i d i r e c t i o n a l CFRP t h i n -
w a l l e d s e c t i o n s i s d e s c r i b e d and s u g g e s t i o n s f o r i t s 
development t o m u l t i d i r e c t i o n a l c o m p o s i t e s a r e g i v e n . 
Test, methods f o r t h e measurement o f t h e p r i n c i p a l 
m e c h c i n i c a l p r o p e r t i e s o f u n i d i r e c t i o n a l CFRP f r o m , i n 
some c a s e s , s m a l l specimens a r e d e t a i l e d . Measured 
p r o p e r t i e s a r e sho^m t o c o r r e l a t e w i t h f i b r e volume 
f r a c t i o n s o b t a i n e d f r o m a r e a l a n a l y s e s o f p o l i s h e d 
s e c t i o n s . The d e s i g n o f a s t r a i n , gauge b r i d g e a m p l i f i e r 
and d a t a l o g g i n g s y s t e m u t i l i s e d d u r i n g column t e s t i n g 
i s i n c l u d e d . The S o u t h w e l l method i s shoim t o be 
a p p l i c a b l e t o f l e x u r . a l and t o r s i o n a l - f l e x u r a l b u c k l i n g 
modes ajid i n g e n e r a l measured b u c k l i n g l o a d s f a l l s h o r t 
"of t h e o r y b y 50fo, L o c a l b u c k l i n g l o a d s a r e i n d i s t i n c t 
a l t h o u g h b u c k l e d f orms c o r r e s p o n d t o t h e o r e t i c a l 
p r e d i c t i o n s and l i t t l e po"st b u c k l i n g s t r e n g t h i s o b s e r v e d . 
A t h e o r e t i c a l l y d e r i v e d b u c k l i n g c h a r t f o r u n i d i r e c t i o n a l 
• CFRP..?channel s e c t i o n s i.s p r e s e n t e d and a minimum d e s i g n • 
s a f e t y f a c t o r o f 2 i s recommended. 

STRUCTURAL STABILITY OF UNIDIRECTIONAL CFRP 
THIN-WALLED OPEN-SECTION COLUMNS 
I This thesis i s submitted i n p a r t i a l f u lfilment 
; of the requirements f o r the degree of 
Doctor of Philosophy 
to 
th'e Council f o r National Academic Awards 
• • by 
David John Lee 
Sponsoring establishment: I ; 
Department, of C i v i l Engineering j; 
Faculty of •Technoiogy 'j 
Plymouth Polytechnic • August 1981 
G ollaborat ing e stablishme nt: 
Camborne School of Mines 
PLYMOUTH POLYTECHNJC 
LIBRARY 
Accn. 
No. 
Clasa 
No. 
7-00150)443 i 
CONTENTS 
Page. 
( i ) Summary 
.( i i ) C e r t i f i c a t e i i i 
( i i i ) Acknowledgements i v 
(iv) Notation v 
(v) L i s t of Figures v i i 
(vi) L i s t of Plates x i 
( v i i ) . L i s t of Tables x i i 
I Introduction 1 
I I Concepts of Structural S t a b i l i t y 4 
2.1 The Theory of Buckling 4 
2.1.1 General Formulation 4 
2.1.2 Flexural and Torsional-Flexural Buckling 6 
2.1.3- Local Buckling 14 
2.1.4 Local-Flexural Buckling 21 
2.2 Boundary Conditions 23 
2.2.1 Eccentric Loading 23 
2.2.2 End Restraints 33 
2.3 The Southwell Plot 36 
I I I The Mechanical Properties of CFRP 41 
3.1 The Manufacture of CFRP Thin-Walled Sections 41 
3.1.1 Material Specifications 41 
3.1.2 The Pultrusion Process • 43 
3.1.3 Material Quality 45 
3.2 The Determination of the Mechanical 
Properties of CRFP 49 
CONTENTS (.cont.) 
3.2.1 Measurement of the Longitudinal Modulus, 
^11 
3.2.2 Measurement of the Transverse Modulus, 
^22 
3.2.3 Measurement of the Longitudinal Shear 
Modulus, 
3.2.4 Measurement of .the Longitudinal Poissons 
Ratio, V^^ 
3.2.5 Measurement of the Longitudinal Tensile 
Strength 
3.2.6 Measurement of Transverse Tensile Strength 
3.2.7 Measurement of Fibre Volume Fraction 
3.3 The Mechanical Properties of Undirectional 
Pultruded CFRP 
3.3.1 The Longitudinal Tensile Modulus, E^^ 
3.3.2 The Transverse Tensile Modulus, ^22^^ 
3.3.3 The Longitudinal Shear Modulus, G^ ^ 
3.3.4 The Longitudinal Poissons Ratio, V^^ 
3.3.5 The Longitudinal Tensile Strength. 
3.3.6 The Transverse Tensile Strength 
3.3.7 The Fibre Volume Fraction 
3.4 Theoretical Predictions for Mechanical 
Properties of FRP 
3.4.1 E l a s t i c Constants f o r CFRP 
3.4.2 Comparison of Results 
3.5 Conclusions 
Theoretical Considerations 
4.1 The Local I n s t a b i l i t y . o f Orthotropic 
Thin-Walled Columns 
4.1.1 An Estimate of the Buckling C o e f f i c i e n t 
CONTENTS (cont;..) 
•Page 
4.1.2 An Exact Solution f o r the Buckling 
C o e f f i c i e n t '^^  
4.1.3 The Form of the Buckling C o e f f i c i e n t 99 
4.1.4 The Buckling C o e f f i c i e n t for Structural 
Sections with B u i l t - i n Ends 110 
4.1.5 The Buckling Coefficient for Orthotropic. 
Columns including the Effects of 
Transverse Shear 114 
4.2 The Overall I n s t a b i l i t y of Orthotropic 
Thin-Walled Columns 124 
4.2.1 General Observations -124 
4.2.2 Consideration of Shearing Forces 124 
4.3 Design Charts f o r Un i d i r e c t i o n a l CFRP Channel 
Sections '^^'^  
A. A Conclusions •'•^^ 
V Numerical Methods ^35 
5.1 Introduction ^ 5-35 
5.2 The F i n i t e Difference Technique ^^ '^ ^ 
5.2.1 A Review of Solution Methods ^37 
5.2.2 Direct Solution of the Plate Buckling ' '., 
D i f f e r e n t i a l Equation 139 
5.3 The F i n i t e Element Method 
5.3.1 Solution Techniques -'-^^ 
5.3.2 The F.E.. Programme 
5.3.3 Solutions f o r the Local I n s t a b i l i t y of 
Orthotropic Channels ' 
5.3.3 
(a) Uniform Stress . '^ ^^  
5.3.3 
(b) Non-uniform Stress ^^ '^  
5.3.4 Limitations of the Eigenvalue Technique 
5.4 Conclusions •'•^^ 

CONTENTS (cont.) 
Page 
VI S t r u c t u r a l Testing of CFRP Columns ' 167 
• 6.1 Requirements of the Test Procedure -167 
6.2 Data Recording System 171 
6.3 Miniature Section Preparation and 
Testing 173 
6.4 Miniature Section Test Results and 
Discussion * 174 
6.5 Standard Section Preparation and 
Testing 180 
6.6 Standard Section Batch I Test Results 
and Discussion 183 
6.7 Standard Section Batch I I Test Results 
and Discussion 201 
6.8 The Ultimate Load Capacity of Standard 
Specimens 207 
6.9 Conclusions 209 
VII Discussion and Recommendations 213 
VIII References 223 
LIST OF APPENDICES 
I Geometrical Properties of Channel Section 
Columns 
I I Generalised Hookes Lav/ for Anistropic Bodies 
I I I Local I n s t a b i l i t y of Structural Sections 
111.1 Buckling of Single Plates 
111.2 I n s t a b i l i t y of Structural Sections 
IV Design of a DC S t r a i n Gauge Bridge Amplifier 
V Design of a Load C e l l Signal F i l t e r and 
Amplifier 
VI A Data Storage Programme f o r PDP8 Series Mini 
Computer 
VII A Solution Technique f o r the Determinantal 
Equation of the Plate Buckling Problem 
LIST OF APPENDICES (cont.) 
VIII The General Form of the Buckling C o e f f i c i e n t f o r 
Struc t u r a l Sections 
IX The F i n i t e Difference Method for F l a t Plate 
Structures: 
Boundary Conditions and a Programme L i s t i n g 
X Southwell Diagrams 
( i ) SUMMARY 
The contents of t h i s thesis r e f l e c t the work carried out by the 
.author i n h i s investigation into the behaviour of highly orthotropic 
f i b r e reinforced t h i n walled sections when subject to compressive a x i a l 
loading. The text progresses from a b r i e f introduction to the scope and 
purpose of the work through an h i s t o r i c a l account of the development of 
buckling theories up to the present day. This i s followed by a descrip­
t i o n of the manufacturing technique adopted for producing channel sections 
i n u n i d i r e c t i o n a l carbon f i b r e reinforced p l a s t i c . The methods used to 
measure the mechanical properties of these sections are.described i n the 
.same chapter, which includes a presentation and discussion of experimental 
r e s u l t s . 
The following chapter i s used to develop the t h e o r e t i c a l aspects of 
the work with p a r t i c u l a r emphasis on-local i n s t a b i l i t y of orthotropic 
s t r u c t u r a l sections with simply supported and clamped end conditions. 
The o v e r a l l i n s t a b i l i t y of these sections.J-s also discussed further and 
the s e n s i t i v i t y of both modes of i n s t a b i l i t y to the influence of transverse 
shear i s investigated. The chapter culminates with a design chart f o r 
u n i d i r e c t i o n a l CFRP channel section columns subject to b u i l t - i n end 
conditions. The a n a l y t i c a l aspects of the work are continued further i n 
the next chapter which considers the use of numerical methods for the 
solution of the l o c a l buckling problem i n p a r t i c u l a r . A f i n i t e difference 
technique i s developed with moderate success for solving single plate 
problems and- recommendations are given, f o r further development of the 
method. The PAFEC 70+ f i n i t e element programme i s used to obtain 
solutions to a variety of l o c a l buckling problems and r e s u l t s are compared 
with those obtained from the a n a l y t i c a l methods developed i n the previous 
chapter with excellent agreement. 
The penultimate chapter, describes the s t r u c t u r a l t e s t i n g that has 
been ca r r i e d out during the project and includes a detailed description 
of specimen preparation and t e s t i n g as well as the de'sign of a data 
recording and analysis system developed f o r t h i s v/ork. The experimental 
r e s u l t s are compared with t h e o r e t i c a l predictions:and the discrepancies 
are discussed. The f i n a l chapter i s used to discuss the r e s u l t s and 
conclusions given i n previous chapters and proposes various recommendations 
for futher work based on the findings of t h i s project. 
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(iv) NOTATION 
a " " length of column or plate 
width of nth plate of structure (n=l,2,3 ...) 
^ dimension of l i p 
c factor describing edge load d i s t r i b u t i o n for f l a t plate 
d shear correction c o e f f i c i e n t for f l a t plates 
k geometrical parameter defined i n equation 6 
^11'^22 '^^ ^ constraint factors 
m number of waves i n l o c a l l y buckled configuration 
n number of plates i n structure 
q plate pressure load 
r ^ radius of gyration 
t plate or section thickness 
u,v,w displacements i n x,y,z directions 
x,y,z " l o c a l cartesian coordinate directions 
A cross-section area 
A^,A^ cross-section areas of flange and web 
. . t o r s i o n a l r i g i d i t y 
D plate bending r i g i d i t y 
^i''^2'^3'^k princj-pal orthotropic plate r i g i d i t i e s 
E Youngs Modulus 
^11*^22 p r i n c i p a l moduli of e l a s t i c i t y for orthotropic plate 
G shear Modulus 
G ,G p r i n c i p a l shear moduli f o r brthotropic plate 
I ,1 second moment of area about y,z axes 
J polar moment of area 
K plate buckling c o e f f i c i e n t 
K* normalised orthotropic plate buckling c o e f f i c i e n t 
V 
NOTATION (cont.) 
N ,N ,N plate edge tractions 
x' y' xy ^ • 
P column a x i a l load, plate load per unit length 
P, column c r i t i c a l load 
cr 
P„,P„ f l e x u r a l and t o r s i o n a l - f l e x u r a l c r i t i c a l loads 
r m 
Py,P^ Euler column loads about y and z axes 
R$ t o r s i o n a l c r i t i c a l , load about shear centre 
R,S column parameters defined i n equation 7 
S r o t a t i o n a l s t i f f n e s s of plate edge r e s t r a i n t 
T "work done by edge forces 
U s t r a i n energy i n bending 
V t o t a l p o t e n t i a l energy 
V_,V f i b r e and matrix volume fr a c t i o n s I m 
X,Y,Z global cartesian coordinate directions 
a,,3.Y><S i d e n t i t i e s i n plate buckling equations (Appendix I I I ) 
X^ . width ra.tio of component plates 
Poisson's r a t i o corresponding to extension i n 1 d i r e c t i o n 
P dimensionless column length factor 
Of d i r e c t stress 
T shear stress 
A- d e f l e c t i o n 
£ s t r a i n 
^ r o t a t i o n of section about shear centre 
i'^^ ' web length-width r a t i o 
'1''^* normalised orthotropic column web length-width r a t i o 
I" warping constant 
? dimensionless r a t i o of p r i n c i p a l plate r i g i d i t i e s 
Other symbols are defined i n the text when they appear. 
v i 
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CHAPTER i 
INTRODUCTION 
Fibre reinforced composite materials are frequently used i n 
stJTuctures and components which previously would have been manufactured 
using more conventional materials such as wood, s t e e l , arid aluminium. 
One of the major factors contributing to t h i s change i n design strategy-
i s the.high s p e c i f i c strengths and s t i f f n e s s e s attainable with these 
r e l a t i v e l y new materials. These properties i n p a r t i c u l a r have been 
enhanced i n the l a s t decade by the development of carbon, boron, and 
more recently PRD49 (Kevlar) as re i n f o r c i n g filaments. U n i d i r e c t i o n a l 
carbon f i b r e reinforced p l a s t i c (CRFP), for example, can be manufac-fcured 
with a Young's Modulus comparable to that of s t e e l but with a density 
one f i f t h of i t s metal counterpart. 
Owing to the nature of f i b r e reinforced materials however, these 
high s p e c i f i c properties are only associated with prescribed directions 
with i n the materiai. The extent to which a given property varies from 
one d i r e c t i o n to another i s governed prim a r i l y by the f i b r e orientation 
i n the material. For a u n i d i r e c t i o n a l composite, where a l l the f i b r e s 
are aligned, mechanical properties i n the f i b r e d i r e c t i o n such as the 
t e n s i l e modulus may be as much as twenty-five times greater than those 
i n a d i r e c t i o n perpendicular to the.fibres. Whereas, a material with 
r e i n f o r c i n g f i b r e s i n a l l directions w i l l , e x h i b i t properties which are 
independent of d i r e c t i o n ( t h i s usually applies only i n -fcwo dimensions 
owing to the d i f f i c u l t y of manufacturing a composite material with a 
random f i b r e d i s t r i b u t i o n i n three dimensions). 
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However, the u n i d i r e c t i o n a l material must be used, with caution 
i n engineering structures. In components which, are loaded p r i m a r i l y 
along the f i b r e a x i s , u n i d i r e c t i o n a l composites can be used to explo i t 
the high f i b r e strengths and s t i f f n e s s e s to t h e i r f u l l e s t advantage. 
The associated transverse and shear properties however w i l l be" 
comparatively low and are an immediate source of weakness i f any o f f -
axis loading i s encountered. 
The space frame type- of structure i s one i n which the members 
are b a s i c a l l y loaded i n the. a x i a l d i r e c t i o n and suggests a possible use 
for vmidirectional composites where massive struc-fcures are undesireable. 
The members of such struc"fcures may be required to support large 
compressive loads and the p o s s i b i l i t y of buckling should therefore be 
considered as w e l l as the ultimate strengths of the members 
Rel a t i v e l y long members tend to behave as Euler columns where the 
c r i t i c a l loads are dependent on the modulus i n the a x i a l d i r e c t i o n . 
U n i d i r e c t i o n a l composites with the f i b r e s p a r a l l e l to the loading axis 
would seem to be most p r a c t i c a l i n t h i s s i t u a t i o n . Shorter members 
however, are l i k e l y to imdergo l o c a l i s e d buckling where the c r i t i c a l 
loads are dependent on the plate type properties of the member. In 
t h i s case a m u l t i d i r e c t i o n a l composite may be more appropriate. 
Most composite materials are manufactured using a r e s i n system 
as a matrix i n which the f i b r e s are embodied. As a r e s u l t , composites 
are r e l a t i v e l y s o f t but do not i n general, exhibit y i e l d i n g 
c h a r a c t e r i s t i c s . The s t r e s s - s t r a i n curve f o r CFRP for example i s 
l i n e a r l y e l a s t i c to f a i l u r e . Furthermore, CRFP cannot accommodate 
strains of more than 1%. It i s important therefore that stress 
concentravtion si"fcuations are avoided "with t h i s material since high 
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stresses w i l l not be r e d i s t r i b u t e d by l o c a l i s e d y i e l d i n g but w i l l 
rather i n i t i a t e f a i l u r e . 
The lack of d u c t i l i t y of CERP also introduces problems i n the 
f a b r i c a t i o n of components. Machining the material i s found d i f f i c u l t 
so a component has to be moulded into i t s fini s h e d p r o f i l e while the 
r e s i n matrix i s curing. There are several methods i n which t h i s can 
be achieved most of which involve 'hand lay-up' processes. Such 
methods are time consuming and very expensive owing to the n;amber of 
man-hours involved. Furthermore, a high degree of v a r i a b i l i t y of the 
resultant mechanical properties i s found with such methods. Variations 
of - 20% are common for a given f i b r e / r e s i n system. A process which 
was developed to overcome some of these problems i s that known as 
Pultrusion. 
This process was f i r s t applied to the production of CFRP i n the 
early 1970s. The process consists of p u l l i n g continuous lengths of 
r e s i n impregrated f i b r e s through a heated die. The r e s i n cures as i t 
passes through the die and a f u l l y cured composite section emerges. 
As the process i s continuous, the amount of labour involved i s 
considerably reduced and, as one would expect, the material properties 
are more consistent throughout the length of the section. The method 
i s however best applied to the production of u n i d i r e c t i o n a l composites. 
Since u n i d i r e c t i o n a l CFRP, as has been mentioned, i s p a r t i c u l a r l y 
useful i n a x i a l l y loaded s i t u a t i o n s , i t i s f e l t that a study of the 
compressive behaviour of pultruded u n i d i r e c t i o n a l CFRP columns i s a 
l o g i c a l step towards the better understanding of the complex behaviour 
of these materials. 
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CHAPTER I I 
CONCEPTS OF STRUCTURAL STABILITY 
2.1 The Theory of Buckling 
2.1.1 General Formulation 
The theory of buckling i s concerned with the s t a b i l i t y of 
equilibrium of mechanical systems. There are several d i f f e r e n t 
approaches to the s t a b i l i t y problem of which the concept of 
b i f u r c a t i o n was one of the e a r l i e s t ideas to be developed. Poincare 
(1) observed that, when the load on a mechanical system i s increased, 
the equilibrium states represented by the system topology describe 
c e r t a i n paths. Usually f o r small loads the path i s represented by a 
single branch. At higher loads, however, forks or b i f u r c a t i o n s may 
occur i n the path. Poincare assumed that the bifurcation- point defined 
the t r a n s i t i o n from stable to unstable equilibrium. He considered a 
mechanical system to be described by several co-ordinates x^, x^j 
9 V 
X and obtained the equilibrium states from * = 0 where V i s 
<J o X. 
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the t o t a l p o t e n t i a l energy. He then showed that a b i f u r c a t i o n point 
corresponds to the vanishing, of the Hessian determinant, 
det ( - ^ ) . 3x^9x^. 
Clear l y , not a l l buckling i s of the b i f u r c a t i o n type as was 
shown l a t e r by Pfliiger (2)1 The concept of b i f u r c a t i o n was implied 
however i n one of the e a r l i e s t known works on column i n s t a b i l i t y by 
Euler (3). This solution i s known as the equilibrium method and 
consists of deriving the equilibrium equation for a s l i g h t l y deflected 
column and, by l i n e a r i s i n g the curvature term, solving the r e s u l t i n g 
eigenvalue problem. 
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Another approach, to the buckling problem was v i a the energy-
method f i r s t postulated by Bryan (4). This method was based on the law 
that a motionless conservative system, i s i n a sta-fce of stable 
equilibrium i f , and only i f , the value of i t s po t e n t i a l energy i s a 
r e l a t i v e minimum. That i s to say that stable equilibrium ceases when 
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the second v a r i a t i o n of p o t e n t i a l .energy 6 V ceases to be p o s i t i v e 
d e f i n i t e . I f a system i s considered to have a f i n i t e number of degrees 
of freedom, 6 V becomes a quadratic i n v i r t u a l displacements of the 
system and the solu t i o n reduces to Poincare's c r i t e r i o n . 
An approach to the energy method f i r s t presented by Lord Rayleigh 
i n 1877 for the analysis of free vibrations i s named a f t e r him (5). 
The deformation of the system i s described by a simple function which 
i s continuous and s a t i s f i e s the boundary conditions of the system. By 
substituting t h i s displacement function into the expression for- the 
second v a r i a t i o n of p o t e n t i a l energy of the system and equating the 
r e s u l t to zero, a speedy estimate of the c r i t i c a l load of the system i s 
obtained. The accuracy of t h i s method i s however dependent on hov/ we l l 
the assumed displacement function describes the true displacement, of 
the system.\A guide to the form of the displacement function can be 
obtained from observations of the system under t e s t . 
A more accurate solu t i o n i s obtained by considering the deflected 
form to be described by a series expansion. This method was-:first used 
by R i t z (6) and i s given the name the Rayleigh-Ritz method. I t has 
been shown that, i f the displacement function i s given as a series of 
functions with undetermined c o e f f i c i e n t s , then the calculated c r i t i c a l 
load converges from above to the exact solution as the number of terms' 
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included i n the series i s increased (7). This method was l a t e r 
developed by Timoshenko (8) who expressed the buckling condition by 
the equation AT = Alf where AT i s the work done by the load i n moving 
through some small displacement of the system and AU i s the increase i n 
s t r a i n energy of the system associated with t h i s displacement. Since 
second degree approximations are assumed i n the quantities AT and 
AU, i t i s seen that Timoshenko's buckling c r i t e r i o n is, equivalent to 
that of Bryan.. The method of Timoshenko howei/er has proved more 
p r a c t i c a l and has been used by himself to obtain approximate solutions 
to many beam, column and plate buckling problems. 
Another method based on series expansions was developed by 
Galerkin (9). The method, o r i g i n a l l y proposed by Bubnov, i s often 
referred to as the Bubnov-Galerkin method and for c e r t a i n classes of 
v a r i a t i o n a l problems has been shown to be equivalent to the Rayleigh-
R i t z method (7) . There are many other extensions of the. general th'eory 
of s t a b i l i t y of conservative systems, most of which are based on the 
e a r l i e r work mentioned above. Reference to the works of B o l o t i n (10), 
Biezeno and Henclcy (11), Pearson (12), Prager (13), and Southwell (14). 
i s advised for detailed developments of such methods. 
2.1.2 Flexural and Torsional - Flexural Buckling 
The f l e x u r a l buckling behaviour of compressed columns was 
investigated experimentally by Musschenbroek i n 1729 (15). F i f t e e n 
years l a t e r , Euler (3) used the equilibrium method to obtain a sol u t i o n 
for the f l e x u r a l buckling problem f o r which he i s we l l known today 
among students of engineering. The analysis of the t o r s i o n a l - f l e x u r a l 
buckling behaviour of compressed columns i s a r e l a t i v e l y new study, the 
most famous work being that of Timoshenko i n 1945 (16). 
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In the consideration of the tor.sional-f l e x u r a l buckling of columns 
c e r t a i n assumptions are made which are based to some extent on 
observations but i n general s i m p l i f y the solu t i o n v/ithout introducing 
excessive error. These ,are l i s t e d below. 
( i ) The thin-walled cross-section i s constant along the length of 
the column and remains, undeformed during displacement. 
( i i ) Only conservative loads are considered, that i s loads that 
are applied s t a t i c a l l y and maintain t h e i r d i r e c t i o n during. 
. d e f l e c t i o n of the column. 
( i i i ) The deformations during buckling are small with respect to 
the cross-sectional dimensions. 
(iv) Compressive st r a i n s due to the load and shear s t r a i n s due 
to shear and warping are ignored. 
(v) The material i s i s o t r o p i c , homogeneous and l i n e a r l y e l a s t i c . 
(Conditions (iv) and (v) are removed i n Chapter IV for an 
inves t i g a t i o n into the use of highly anisotropic materials such as 
CFRP for compression members.) 
Furthermore., i t i s assumed that the applied load i s a x i a l and 
acts through the centroid of the. section. The e f f e c t of o f f - a x i s loads 
on the buckling behaviour i s investigated l a t e r i n t h i s chapter-. 
The solu t i o n f o r the general t d r s i b n a l - f l e x u r a l buckling problem 
may be. described by the following equation. 
r ^ (P - P )(P - P,)(P - P.) - P ^ y ^ (P - P ) 
o cr y cr Z cr (j) cr "'o cr z 
- P ^ z ^ CP - P ) = 0 " (1) 
cr o cr y' 
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whose roots, P , are the three possible" buckling loads, of the column, 
cr 
The parameters P^ and P^ are the Euler c r i t i c a l loads f o r buckling 
about the p r i n c i p a l z and y axes respectively. Whereas P^  i s a purely 
t o r s i o n a l buckling load about the shear centre ax i s . For the case of a 
column simply supported at both ends these parameters are given by 
2 
TT EI 
a 
2 
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For r i g i d l y clamped end conditions the length of the coliimn, a, 
should be replaced by i n expressions 2. Clearly the displacement 
of the column i s described by three i n d i v i d u a l components: flexure, 
about the p r i n c i p a l z and y axes, and r o t a t i o n about the shear centre 
(Figure 1).. Equation 1 indicates that the buckled form, i n general 
w i l l consist of a combination of these displacement components. I f , 
however, the section has two axes of symmetry then the shear centre and 
centroid are coincident. The quantities z^ and y^ (Figure 2a) 
disappear and equation 1 becomes: 
(P - P ) (P - P ) (P - P. ) = 0 (3) 
c r y cr z c r 9' • 
In t h i s case the three buckling modes are independent and the column 
may buckle i n either pure flexure or pure t o r s i o n . The minimum value 
of c r i t i c a l load, P , obtained from-equation 3 w i l l define the 
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Fig.1 Displacement of section during torsional-f lexural buckling 
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buckling mode which i n turn i s dependent on the geometry of the cross-
section. Columns which behave i n t h i s manner include I sections,, Z 
sections and cruciform sections. 
Another case of p a r t i c u l a r i n t e r e s t occurs when the section has 
only one axis of symmetry (Figure 2b). I f the z axis i s the symmetry 
a x i s , then y^ disappears and equation 1 becomes 
P 2 2 
(P - P )(r (P - P )(P - P;. ) - P ) = 0 
cr y o c r z cr <^  cr o ' 
(4) 
This r e s u l t indicates that the column may buckle by flexure 
about the y axis or by combined flexure about the z axis with r o t a t i o n 
about the shear centre. Sections which behave i n t h i s manner include ' 
angles,, channel and hat sections. The buckling mode most l i k e l y to 
occur- i s again dependent on the cross-section geometry. An insi g h t 
to the loc a t i o n of the boundary between modes can be obtained by 
equating the expressions for the f l e x u r a l c r i t i c a l load P„ and the 
t o r s i o n a l - f l e x u r a l c r i t i c a l load P„„ which r e s u l t s i n the following 
expression for the l i m i t i n g column length 
2 . • -.Vz I ^ I 
k (^) - (^) (1 + S) + S 
R (^ - 1) 
z 
(5) 
where a.^  i s the column length at the t r a n s i t i o n be-tween the two 
buckling modes f o r a given cross-section . arid 
O 
(6) 
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Fig.2 Examples of thin-walled open sections 
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This r e s u l t indicates that the length of a sing l y symmetric 
i s o t r o p i c column which defines the t r a n s i t i o n between the f l e x u r a l 
and t o r s i o n a l - f l e x u r a l . buckling modes of the column i s dependent only 
I /I approaches the value of unity, then the t r a n s i t i o n length, a 
y z 
tends to i n f i n i t y . This r e s u l t was presented i n non-dimensional 
Figure 3 for an i s o t r o p i c channel section. The diagram i s divided 
into three regions defining the buckling modes.. In the cen t r a l region, 
the buckling mode boundary i s described by the l i m i t i n g value of column 
length, a , derived above. To the l e f t of t h i s region only pure; 
f l e x u r a l buckling w i l l occur whereas to the r i g h t of the c e n t r a l region, 
only t o r s i o n a l - f l e x u r a l modes are evident. The regional boundary l i n e 
AA i s defined by the intercept of the a^ curve with the axis and 
the l i n e BB i s defined by the value of obtained when 1^/1^ i s equal 
to unity. The location of these boundary l i n e s i s dependent to a 
lesser extent on the r e l a t i v e wall thickness of the section. I t i s 
assumed that a thin-walled cross-section should have a t/b, r a t i o of 
less than 0.1. I t i s found that a v a r i a t i o n i n the t/b, r a t i o from 
0.1 to 0.01 altered the value of defining the l i n e BB by a l i t t l e 
over 3% f o r channel sections. I t i s expected therefore that the 
boundary l i n e should not be affected s i g n i f i c a n t l y by v a r i a t i o n of the 
r a t i o provided the dimensional assumptions of a thin-walled section are 
s a t i s f i e d . 
upon the cross-section geometry and Poisson's Ratio. As the r a t i o 
graphical form by Chajes and Winter (17) and i s reproduced i n 
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For an; i s o t r o p i c material with a Poisson's Ratio of 0.3 say, 
the modal regions- of Figure 3 are uniquely defined f o r a given type of 
section. Furthermore they are s o l e l y dependent on the cross-section 
properties such as p r i n c i p a l second moments of area, t o r s i o n a l 
constant, warping constant and shear centre co-ordinates. These 
geometrical properties are dependent upon the type of cross-section 
concerned and formulae for evaluating them can be found i n various 
texts c.f. (18). The relevant formulae for a channel section are 
presented i n Appendix I. 
2.1.3 Local Buckling 
A thin-walled column can be considered as a system of long f l a t 
plates joined along t h e i r l o n g i t u d i n a l edges and as such i s l i a b l e to 
suffer l o c a l i n s t a b i l i t y when loaded i n a x i a l compression. I t i s 
important therefore to have an understanding of the buckling behaviour 
of the constituent plates i n order to predict the onset of l o c a l 
i n s t a b i l i t y i n the struc-bural section. 
The d i f f e r e n t i a l equation describing the deformation of a f l a t 
plate subjected to a l a t e r a l load and edge forces as shown i n Figure 4 
v/as f i r s t presented by Saint Venant (19) i n 1883 and i s given below-
3 \ 23 \ 3 \ _ 1 
2 4 ^ 2 2 ^ 2 " ^ » 4 ~ D 
ox ox 3y 3y 
~ • 2 2 
„ 3 w „ 3 w q + N _ + N — 
3x'^  ^ 3y^ 
. 2 N 
xy 9x3y (8) 
A second equation of importance i n the study of plate behaviour 
was that presented by Bryan (20) i n 1891 which gives an expression for 
the s t r a i n energy stored i n a plate due. to bending and -tv/isting of 
the plate. 
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Fig.A Bending of f lat plates 
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2 _, 
3x 3y 3x3y 
dxdy (9) 
Equations 8 arid 9' form the basis of most isotropic, plate buckling 
solutions presented. In general, the approximate • energy solu t i o n 
using equation 9 i s u t i l i s e d when a d i r e c t analytic method cannot be 
applied to the problems of p a r t i c u l a r edge conditions. 
Most progress was made by Timoshenko (8), (21), (22) who 
investigated the s t a b i l i t y of plates with a variety of conditions of 
support along the edges p a r a l l e l to the applied load and suggested 
that the r e s u l t s could be applied to the plate elements of s t e e l 
columns. More recently, an extensive set of buckling curves for 
various boundary conditions including e l a s t i c edge r e s t r a i n t has been 
presented by Gerard and Becker (23). This work also contains a large 
number of references to the many plate buckling solutions that have 
been presented. 
The e a r l i e s t contribution to work on a n i s o t r i p i c plates was that 
given by Huber (24), (25), (26). I t v/as some years l a t e r that Smith 
(27) presented a comprehensive analysis of the anisotropic plate 
buckling problem with h i s study of the behaviour of plywood plates. 
The text by L e k h n i t s k i i (28) presents solutions to a large v a r i e t y of 
anisotropic plate buckling problems including the effects of non­
uniform loads and concentrated forces. He gives the d i f f e r e n t i a l 
equation for bending of an anisotropic plate as: 
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• 3x, dx dy 3x dy 
3x3y 3y 
= q + N ^ + 2 N j f j l - ^ - N ^ (10) 
^ 3x2 • 3x3y y 3y2 
and the s t r a i n energy of bending as 
2 2 
f3 w^  3%/ 3'^w ^ / 3 ^ \ / 3'^ w u = y. 
2 2 2 2 ^2 r.2 „2 ^2 
3x 3x 3y 3y 3x3y 
3.X2 26 gy2 g.^ gy 
•dxdy (11) 
These two expressions may be used to solve-the general anisotropic 
plate buckling problem using any of the methods of section 2-1.1. 
The majority of studies however have been concerned with a p a r t i c u l a r 
class of anisotropy: that of orthotropy. The various classes of 
anisotropy and t h e i r corresponding s t r e s s / s t r a i n r e l a t i o n s are 
presented i n Appendix I I . 
The orthotropic plate buckling problem- v;as s i m p l i f i e d by W i t t r i c k 
(29) who described plate buckling behaviour in. terms of dimensionless 
parameters involving the independent material properties of the pla t e . 
In t h i s manner a single buckling curve was proposed which described 
the behaviour of a l l prthotropic plates subj.ect to compressive edge 
loads and prescribed conditions of r e s t r a i n t . I t i s upon th i s work 
that modern design charts f o r orthotropic plate buckling (30) have 
been based. 
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The extension of t h i s work to include the study of l o c a l 
i n s t a b i l i t y i n orthotropic s t r u c t u r a l sections i s a new one--. An 
exact analysis and a proposal f o r a s i m p l i f i e d approximate method for 
l o c a l buckling of general orthotropic s t r u c t u r a l sections i s presented 
i n Chapter V. Previous workers have used various•methods for solving-
the problem of l o c a l i n s t a b i l i t i e s i n structures but few ha:ve 
considered the use of anisotropic materials. 
The f i r s t suggestion that structures could be analysed by t h e i r 
constituent plates was made by Timoshehko. Eundquist (31) applied the 
energy method to rectangular tubes i n 1939 to obtain an approximate 
analysis of the problem. He assumed that "bhe deflected shape of the 
consti-fcuent plates could be described by the sum of a sine curve and 
a c i r c u l a r arc and showed that such a method gave errors of less than 
1% of the exact s o l u t i o n . In the same year Lundquist and Stoweli (32)-
presented a s i m i l a r analysis f o r channel and I sections. This time 
the d e f l e c t i o n of the web was assumed the same as that for rectangular 
tubes but the de f l e c t i o n of the flanges was described by the sum of a 
str a i g h t l i n e and the defl e c t i o n curve for a ca n t i l e v e r . I t was l a t e r 
suggested by Sutter (33) that these solutions lay within a few percent 
of the exact s o l u t i o n . 
An a l t e r n a t i v e method f o r the analysis of s t r u c t u r a l sections was 
presented by Bl e i c h (34). This method considered, the r e s t r a i n i n g e f f e c t 
each .plate had upon i-ts neighbour and used a r e s t r a i n t c o e f f i c i e n t to 
describe these e f f e c t s . The approximate solutions obtained are i n 
general a few percent lower than the exact solutions whereas the 
resul t s from the energy method of Lundquist and Stowell tend to over­
estimate the exact values. 
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. The exact method consists of solving equation 8 for each 
constituent plate simultaneously with due regard' f o r the boundary 
conditions at the common junctions of the plates.. Structural sections 
can^ thus be divided into: two dis t i n c t " categories: the common jun c t i o n 
configuration; and the consecutive plate configuration. The former 
type of structure consists of two or more-plates joined" at a single 
junction v/hereas the second consists of consecutive plates formed from" 
a single sheet of material. The consecutive plate analysis has been 
presented i n d e t a i l by Chilver (35) and has been applied to top hat 
sections by Chilver (36) and to lipped channels by Bulson (37). 
In both types of analysis, c e r t a i n assumptions have to be made 
concerning the deformation of the section when i t buckles: 
( i ) the common lon g i t u d i n a l edges of pinned plates remain 
straight 
( i i ) t h ^ angle between joined plates at the common edge remains 
constant 
( i i i ) the buckling wavelengths are the same i n each plate and 
occur simultaneously. 
These c h a r a c t e r i s t i c s are shown for a channel section i n Figure 5. 
Considering a struc-fcural sectipn of the common junction type, 
composed of n plates, -then the above assumptions produce 4n 
simultaneous equations from the general solution of equation 8. I t 
has been shown by Bulson (38) that the determinant of these equations 
can be expanded i n terms of fourth order minors which are the 
ch a r a c t e r i s t i c functions of the constituent plates and that the 
determinantal equations can be reduced to the form: 
, n 
1 ^ r \ 
M 
= 0 
r 
(12) 
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Bulson has used t h i s equation to obtain the buckling curves for 
a variety of 'structural sections (39). An outline of the'derivation 
of equation. 12 for orthotropic plates together with a selection of the 
ch a r a c t e r i s t i c functions of i n d i v i d u a l plates i s given-in Appendix I I I . 
2.1.4 Local-Flexural Buckling 
An assumption made i n the analysis of l o c a l buckling o f • s t r u c t u r a l 
sections i s that the common edges of the component plates remain 
straight during buckling. I f t h i s r e s t r i c t i o n i s remove'd then an 
inte r a c t i o n between the short wave and long wave modes of i n s t a b i l i t y 
i s possible. This combination of buckling modes i s i l l u s t r a t e d for'a 
channel section i n Figure. 6. 
An early attempt to analyse t h i s type of behaviour was presented 
by B i j l a a r d and Fisher (40). They assumed that the buckling of a 
column r e s u l t s i n two de f l e c t i o n components w^  and vi^. I f w^ ,^ the long" 
wave d e f l e c t i o n component, i s i n i t i a l l y zero then the l o c a l buckling 
stress cr^ i s r u l i n g and a deflection.w^ w i l l r e s u l t . This deflection 
causes an external moment i n the column and may be considered as an 
i n i t i a l perturbation of the column. The i n i t i a l d e f l e c t i o n w i l l thus 
cause an ".additional d e f l e c t i o n Wj^  and the r e s u l t i n g c r i t i c a l stress 
f a l l s below the l o c a l buckling stress and the Euler buckling stress. 
The drop i n c r i t i c a l load due to the i n t e r a c t i o n i s found to be only 
a few percent hov/ever and i s l i m i t e d to the l o c a l buckling mode of a 
single half-wave only. 
More recently, Pfluger (41) arrived at s i m i l a r conclusions for 
the i n t e r a c t i o n . He suggested that the column could be represented by 
a series of plates as for l o c a l buckling but with a l i n e of springs 
attached to the common corners. Deflection of these l i n e s of support 
21 

/ 
i s thus'equivalent to buckling i n flexure but i s again- l i m i t e d to the 
single half-wave length of l o c a l buckling. " By 'fonnurating hew 
conditions at the common junc t i o n ; Bulson (42)' was able to apply the 
determinantal methods used for l o c a l buckling to the i n t e r a c t i o n problem 
The r e s u l t s agree with those of Pfluger and are subject to the same 
r e s t r i c t i o n of a single mode of i n t e r a c t i o n . 
The p r i n c i p l e s applied by Pfluger have been extended by Ghobarah 
and Tso (43). In t h i s method the l i n e of springs i s replaced by a 
longit u d i n a l s t i f f e n e r of equivalent s t i f f n e s s as the flange and*the 
problem i s solved by the matrix transfer method. The r e s u l t s compare 
more favourably with experimental values than those from the Pfluger 
method. An advantage of the l a t e r method i s that no assumption about 
the buckling configuration need be made beforehand thus giving a 
un i f i e d approach to the problem. 
An important consideration that arises from analysis of the l o c a l -
f l e x u r a l i n t e r a c t i o n i s that in- the l i m i t as the fiange/web r a t i o tends 
to zero the resultant section becomes a single f l a t plate Unsupported 
along i t s longitudinal edges. In the previous section on l o c a l 
buckling the l i m i t i n g .case consists of a f l a t plate with l o n g i t u d i n a l 
edges restrained which i s c l e a r l y u n r e a l i s t i c . 
More recently, p a r t i c u l a r attention has been given to the post-
buckling behaviour of t h i n walled columns. Theoretical and experimental 
evidence i n t h i s area suggests that the load carrying c a p a b i l i t y of 
l o c a l l y buckled columns may be reduced s i g n i f i c a n t l y by the i n t e r a c t i o n 
of buckling modes. An.examination of this-effecthas been presented by 
Loughlan and Rhodes (44) who have considered the post-local buckling, 
behaviour of lipped channel section columns. The authors u t i l i s e a 
Rayleigh-Ritz method to obtain post-local buckling load/deflection paths 
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by assuming a continually changing l o c a l buckled form during loading 
which r e s u l t s i n a progressively decreasing Euler load. For the column 
^2 • h t 
section considered . ( — = 0.4, = 0.2, —=0.008), Euler load 
^1 ^1 ^1 
reductions of 30% are predicted. More important however i s the 
i d e n t i f i c a t i o n of a range of slenderness r a t i o s which have unstable. 
post-buckling paths such that application of the l o c a l buckling stress 
i s s u f f i c i e n t to cause collapse. 
Overall buckling load reductions of 50% or' more have been 
suggested by .Wang and Pao (45) who used an i t e r a t i v e technique with a 
f i n i t e element b i f u r c a t i o n analysis to predict the ef f e c t of a l o c a l 
buckling configuration on the t o r s i o n a l - f l e x u r a l buckling loads. The 
procedure consisted of updating the section properties of the elements 
based on an e f f e c t i v e width concept and resolving the Eigenvalue problem 
The process was repeated u n t i l the computed c r i t i c a l load approached 
the assumed load from which the. e f f e c t i v e properties had been derived 
f o r that i t e r a t i o n . "The nature of the b i f u r c a t i o n was not obtained 
here as was i n the previous author's work but a l l modes of o v e r a l l 
buckling were included i n the analysis. 
2.2 Boundary Conditions 
2.2.1 Eccentric loading 
I t has been assumed i n preceeding sections that the compressive 
end load ajDplied to a coliamn acts through the centroid of the sectipn. 
In p a r t i c u l a r , the assumptions f o r the analysis of l o c a l i n s t a b i l i t y 
i s that a uniform compressive stress i s induced along the loaded edges. 
In r e a l i t y i t i s u n l i k e l y that such a x i a l loading can be guaranteed i n 
a structure other than i n the specialised conditions of the laboratory 
experiment. I t i s important therefore to consider what effects non-
a x i a l and non-imiform loads should have upon the general buckling 
behaviour of a coliamn. 
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The d i f f e r e n t i a l equations of equilibrium f o r a column loaded by-
end loads with b i - a x i a l e c c e n t r i c i t i e s have been presented by Goodier 
(46), Timoshenko (16), and-Bleich (34). An approximate solution f o r 
a doubly symmetric section has been given by Thurlimann (47) and an 
energy solution using the Rayleigh-Ritz method has been presented by 
Dobrowski (48). An approximate solution to the eccentric loading 
condition was also obtained by Prawel and Lee (49) using an e l e c t r i c 
analogue computer. Their r e s u l t s were l a t e r shown by Culver (50) to 
include errors of up to 25% for predicted displacements and 7% for the 
maximum stresses i n c e r t a i n cases. Culver's work includes a comparison 
of re s u l t s from his exact analysis with those f o r the approximate 
methods of Thurlimann, Dabrowski, and Prawel and Lee. He also examines 
the ef f e c t of restrained and unrestrained warping on the resultatot 
stresses and deflections of columns. 
Vlasov (51) has presented a comprehensive study of the b i - a x i a l 
buckling problem and has suggested the concept of a s t a b i l i t y c i r c l e . 
He showed that a region could be defined around the cross-section of 
a column i n v/hich only compressive loads could cause i n s t a b i l i t y and 
that 'this region would always be- defined by a c i r c l e . Vlasov gave an 
expression for the c r i t i c a l end loads P„„ and moments M M of a 
CR z, y 
column i n a s i m i l a r form to that of equation 1 as 
(^z* - ^CR) (Py* - ^CR^ r (P.* - P„) + 2 (g M - e M ) o 9 CR "^ y z "^ z y 
- (^z* - ^CR) ( V C R -
- ^23' (Py* - PcR^  (-o^CR - = ° (13) 
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where the Euier loads P *, P * and the t o r s i o n a l c r i t i c a l load P.* 
z y 9 
are defined by 
^ z * = ^22 ^^z 
V = ^11 ^'y ^ a)^ 
^ r 
and 3 ^ , are geometrical c h a r a c t e r i s t i c s of the column defined by 
z 21 ^ 
2 2 y. (z + y ) dA -
^ (15) 
^y ' 21 
z (z^ + y2) dA - y^ 
The introduction of the factors k^ .^' ^22' ^33 expressions (14), 
allow any configuration of end constraints to be- u t i l i s e d i n the solution. 
Vlasov used a Galerkin method to obtain solutions for a. large variety 
of end conditions and as a r e s u l t was able to tabulate values of the 
k factors for these conditions. For simply supported conditions at 
both ends of a column k^^ = k^g = kgg = = k^^ = 1. For r i g i d l y 
clamped end conditions i t v/as suggested that k^^ = k^g = = 4.1223. 
An exact analysis for these end conditions indicates that k^^, k^g. 
and k are equal to 4. 
A s i m i l a r analysis using the Galerkin method, was performed by 
Pekoz and Winter (52) who studied i n p a r t i c u l a r the problem of a sing l y 
symmetric section loaded along i t s axis of symmetry. By replacing the 
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end moments by the product of the end load and the..eccentricity i n equation • 
13, they were able to make the following observations about the 
behaviour of a column subjected to eccentric loads i n the plane of 
symmetry of the cross-section: 
( i ) i n general the column w i l l behave i n one of two possible 
modes; as a beam-column v/ith i n f i n i t e d e f l e c t i o n predicted 
at P *; or by buckling i n torsion cum flexure- at the 
y 
c r i t i c a l load P„„. The t o r s i o n a l - f l e x u r a l c r i t i c a l load 
Tr. • 
can have p o s i t i v e and negative values i n d i c a t i n g that the 
application of a t e n s i l e load can cause i n s t a b i l i t y 
( i i ) i f the load i s applied w i t h i n the s t a b i l i t y core of the 
section i t i s not possible for the column to buckle under 
a t e n s i l e load 
( i i i ) i f the load i s applied through the shear centre then three 
modes are exhibited; beam-column behaviour with i n f i n i t e 
deflections predicted at P *; f l e x u r a l buckling at the 
y 
c r i t i c a l load P *; pure t o r s i o n a l buckling at * where 
e 
^33 (-) + GJ p .* = 3 3 _ _ a _ ^^g^ 
'Pe 2 (e e + 3 e ) + r 
•^ y y z o 
C l e a r l y , the minimum c r i t i c a l load defines the governing 
mode. 
An example of the e f f e c t of applying an a x i a l load with an 
e c c e n t r i c i t y along the symmetry axis of a CFRP channel section i s shown 
i n Figure 7. As can be seen from t h i s f i g u r e , the maximum compressive 
c r i t i c a l load i s obtained by application of the load through the shear 
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Fig.7 Eccentric buckling load for a CFRP channel sect ion column 
centre of the section. At t h i s point c r i t i c a l load enhancement of more 
than eight times the concentric value, P„ i s observed. Indeed, the 
t o r s i o n a l / f l e x u r a l load i s elevated above the f l e x u r a l buckling load, 
P with such e c c e n t r i c i t i e s and only f l e x u r a l buckling about the y 
y 
axis would be observed. Figure 7 also includes the t e n s i l e load 
erihancement which i s seen to become asymptotic to the boundary of the 
s t a b i l i t y c i r c l e f o r the section. Application of compressive loads 
with p o s i t i v e z e c c e n t r i c i t i e s i . e . on the side of the centroid 
opposite to the shear centre, are seen to r e s u l t i n monotonically 
decreasing c r i t i c a l loads. 
A corresponding r e s u l t f o r the effect of combined end loads and 
moments i s shown i n Figure 8 i n which the column i s subject to a 
concentrically applied- force P and a bending moment i n the symmetry 
plane, M". Again, an enhancement of c r i t i c a l load of more than eight 
i s observed, which corresponds to the i n t e r s e c t i o n of the s t r a i g h t line-
M. = P . z . This i n t e r s e c t i o n i s equivalent to the application of 
jf 'cn"C o 
a point load through the shear centre shown on Figure 7. From Figure 8 
i t i s c l e a r that very s i g n i f i c a n t p o s i t i v e moments are required to 
reduce the c r i t i c a l a x i a l load whereas P . . i s very s e n s i t i v e to 
c r i t 
negative moments (see sign conven-fcion on f i g u r e ) . 
The analyses presented have ignored any e f f e c t due to p r e c r i t i c a l 
deflections of the column. I t has been suggested by H i l l and Clark 
(53) that the e f f e c t of p r e c r i t i c ' a l deflections may be incorporated by 
increasing the end e c c e n t r i c i t y by two t h i r d s the' expected midlength 
deflection at buckling load. This method was l a t e r claimed to be 
reasonable by Pekoz and Winter who made comparisons with exact 
solutions obtained by i t e r a t i v e methods. Experimental r e s u l t s 
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Fig.8 Buckling load and moment for a C F R P channel sect ion column 
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presented by Pekoz and Win^ter (54) indicate that the eff e c t of 
p r e c r i t i c a l deflections i s to reduce the buckling load by about 8% 
for the lipped channel section investigated which were designed to 
buckle by torsion cum flexure. In addition i t i s observed that slight" 
t w i s t i n g which occurs at p r e c r i t i c a l loads increases sharply as the 
c r i t i c a l load i s approached. 
I t was suggested by these authors (52) that p r e c r i t i c a l 
rotations of the sections were due to i n i t i a l imperfections. The 
the o r e t i c a l considerations presented above however are l i m i t e d by the 
assumption that-plane sections remain plane up to the point of 
i n s t a b i l i t y . Thus on application of eccentric a x i a l loads or end 
moments the column i s assumed to deform by pure flexure u n t i l , at 
the c r i t i c a l condition, a new mode of deformation will appear. By 
removing the constraint tha"fc sections remain plane up to i n s t a b i l i t y 
then the column may be expected to undergo t o r s i o n a l as well as 
flexiaral p r e c r i t i c a l deformations and the f i n a l buckling mode may be 
exhibited f o r .the complete load path as observed by Pekoz and Winter. 
This consideration was discussed by Vlasov (51) who assumed; that an 
ec c e n t r i c a l l y applied a x i a l force r e s u l t s i n not only an a x i a l force 
and bending moments which are invariant along the column but also i n 
a biraoment which i s a function of the column length. More recently 
the e f f e c t of the bimoment on the s t a b i l i t y of t h i n walled structures 
has been presented, by Yoo (55). He analysed a range of problems by 
means of-.a f i n i t e element formulation and included analyses with, and 
without the bimoment contribution i n order to study i t s e f f e c t . One 
such problem analysed v/as that of a simply-supported Z section column 
subject to a compressive end load applied at a flange t i p . The r e s u l t s 
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indicate that the bimoment contribution reduces the c r i t i c a l load by 
about 0.05% whereas the eff e c t of applying the load e c c e n t r i c a l l y 
produces a 5% reduction i n c r i t i c a l load. 
From the above considerations i t may be concluded that i n practice 
columns that are anticipated to buckle i n t o r s i o n a l modes may be expected 
to exhibit t o r s i o n a l p r e c r i t i c a l deflections due to bimoment and 
imperfection considerations. This i s an important departure from 
c l a s s i c a l theory since i t allows the use of p r e c r i t i c a l d e f l e c t i o n 
measurement to anticipate the buckling c h a r a c t e r i s t i c s . In addition i t 
i s important to include the ef f e c t of p r e c r i t i c a l deflections as well as 
eccentric Ipading i n any t h e o r e t i c a l analysis since the reduction i n 
buckling load due to the former i s l i k e l y to be at le a s t of the same 
order i f not greater than that due to o f f s e t loading alone. 
I f the column i s l i k e l y to buckle l o c a l l y then the e f f e c t of 
eccentric loading must be analysed i n a d i f f e r e n t manner. A method 
which has been applied to i s o t r o p i c and anisotropic plates with various 
edge conditions i s to describe the end load as a l i n e a r l y d i s t r i b u t e d 
stress given by 
= o,n-l y) (17) 
The numerical factor, c, can take any value between zero and two which 
describe the conditions of uniform loading and a pure bending moment 
respectively (see F i g 9). Timoshenko and Gere (18) have analysed 
simply supported plates subject to such loading configurations using 
an energy method. Many other workers have contributed solutions for 
plates with various longitudinal edge conditions which have been 
summarised by Bulson (39) i n a series of graphs of the minimum buckling 
c o e f f i c i e n t K^j^^ against the numerical factor c. For l o n g i t u d i n a l 
31 
ng.9 Linearly vary ing edge s t ress distr ibution for f lat plates 
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edge conditions, composed of simple supports arid/or ' b u i l t i r i edges the 
general e f f e c t of varying the factor c from 0 to 2 i s to increase 
K . s i x f o l d , 
mm 
C l e a r l y , solutions f o r the l o c a l i n s t a b i l i t y of columns under 
l i n e a r l y varying end loads can be obtained to a f i r s t approximation 
using the energy methods described above. I t i s to be expected however 
that some in t e r a c t i o n of l o c a l and long-wave i n s t a b i l i t i e s may take 
place. Long columns i n p a r t i c u l a r v / i l l be prone to t h i s i n t e r a c t i o n 
since small e c c e n t r i c i t i e s w i l l cause p r e c r i t i c a l curvature of the 
column. For these cases the analyses of section 2.1.4 should be 
considered. 
The above considerations indicate that the buckling loads f o r 
columns are- p a r t i c u l a r l y s e n s i t i v e to eccentric loading conditions. In 
practice, i t i s u n l i k e l y that eccentric loading of structures can be 
t o t a l l y avoided or that the magnitude of the eccentricl-fcy remain 
constant during loading. In view of t h i s i t i s reasonable to accept 
less accurate soltuions such as those derived by energy methods since 
the exacting r e l a t i o n s adopted i n more accurate theory are not l i k e l y 
to be met i n practice. Clearly this" must be considered i n design 
studies where a reasonable degree of conservatism should be adopted to 
ensure safety. 
2.2.2 End Restraints 
Most analyses for the o v e r a l l buckling behaviour of columns are 
confined to systems which have i d e a l end conditions. Some examples 
of such conditions are those of simple support and r i g i d clamping. 
The simJDly supported column i s assumed to have ends free to warp which 
i s d i f f i c u l t to r e a l i s e i n p r a c t i c e . The exact solution f o r these 
conditions i s given by equation 1 with the r e l a t i o n s 2. 
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The r i g i d l y clamped column i s also u n r e a l i s t i c since i n practice 
r e s t r a i n t can only be offered by an e l a s t i c fovmdation. C l e a r l y , i f 
the foundation has. a s t i f f n e s s much greater than: that of the column 
the condition of r i g i d clamping i s approached very c l o s e l y . This type 
of r e s t r a i n t i s commonly achieved by welding or casting into a s t i f f 
block, which i s restrained from r o t a t i o n i n three planes and from 
displacement i n the plane normal to the column axi s . The exact 
solu t i o n f o r the p e r f e c t l y clamped column i s again given by equation 1 
but the length of the colvmin, a i n expressions 2 i s replaced by ^/2. 
The mixed end condition of the simply supported coliomn with the 
ends re s t r a i n e d from warping i s possibly the minimum condition of 
r e s t r a i n t l i k e l y to be met i n practice. This condition can be 
achieved by attaching r i g i d plates to the ends.of the column which 
are allowed to rotate i n three planes but are confined to displacement 
i n the d i r e c t i o n of the column axi s . Baker and Roderick (56) have 
presented a comprehensive experimental study on a variety of aluminium 
sections using t h i s type of end r e s t r a i n t . These authors presented an 
approximate solu t i o n based on equation 1 by replacing the column length 
by ^/2 i n only the l a s t of expressions 2. 
An exact sol u t i o n which can accommodate any end conditions was 
formulated by Renton (57). This analysis was used by Renton to account 
for the type of end r e s t r a i n t and the size of end f i t t i n g s v/hen comparing 
his t h e o r e t i c a l r e s u l t s with the experimental values of Baker and 
Roderick. The approximate method developed by the l a t t e r authors gives 
res u l t s i n general 5% lower thah' experimental findings v/hereas Rentoh's 
formulae give errors of about 1%. 
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A series of design charts f o r sections with various conditions of 
end r e s t r a i n t have been presented by Klbppei (58) and Schlechte (59). 
Their method i s based on an energy solution of the basic d i f f e r e n t i a l 
equations and i s reasonably accurate for'long columns. Design charts 
based on the exact formulation have been presented by Hone (60) who 
suggests that the r e s u l t s of Kloppel and Schlechte are unre. l i a b l e for 
shorter coliomns since t h e i r analyses do not include the t o r s i o n a l mode 
for mixed end conditions. He also suggests that the- approximate energy 
methods gives r e s u l t s which are generally 5-10% conservative excep-fc 
for short columns when larger discrepancies may occur. 
In r e a l i t y the end conditions of a column are d i f f i c u l t to 
determine. There are -fcwo l i m i t i n g cases however, the simply supported 
column which i s free -to warp at the ends and the r i g i d l y clamped column. 
I t has been suggested by Chajes and -Winter (17) that i t may be possible 
to interpolate between these l i m i t i n g conditions i n terms of an 
eff e c t i v e length f o r the column. For the case of torsional-flexur.al 
buckling there are three e f f e c t i v e lengths given by a^, a^ and a^ 
which describe bending about the z and y axes and ro t a t i o n about the 
shear centre respectively. I f the end conditions of the column are 
compatible i . e . a^ = a^ = a^, then the exact analysis of equation 1 
may be used with the effec-fcive column length substituted i n expression 
2. In t h i s case the buckling mode regions of Figure 3 w i l l s t i l l apply. 
For non-compatible end conditions i t i s not possible to give a general 
picture of the buckling domains since they are dependent on the 
respective values of a , a and a,. 
z y (j) 
The end f i x i t y of columns subject to l o c a l buckling i s of less 
importance than the conditions f o r o v e r a l l i n s t a b i l i t y . This i s 
p a r t i c u l a r l y true for long coliAmns which buckle into many half-waves.. 
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In t h i s case the number of half-waves of a buckled column with clamped 
end conditions approaches that of a column with'simply supported ends 
and correspondingly the c r i t i c a l loads f o r each case converge tov/ards 
the same value. In order to solve the problem of e l a s t i c a l l y 
restrained columns for l o c a l buckling i t i s necessary .to obtain a 
measure of the r e s t r a i n i n g moment per unit length per uni t r o t a t i o n 
offered by the e l a s t i c medium. This quantity, S, i s best described i n 
dimensionless form by a c o e f f i c i e n t of r e s t r a i n t , 6', which i s defined 
for an i s o t r o p i c plate of v/idth b as 
This expression can then be used i n the boundary condition expressions 
for the plate end moments i n order to obtain a so l u t i o n . Bleich (34) 
has used t h i s method to derive a series of curves- f o r various degrees 
of end r e s t r a i n t f o r a plate simply supported along i t s l o n g i t u d i n a l 
edges and loaded along the e l a s t i c a l l y restrained edges. 
2.3 The Southwell Plot 
In 1932, Southwell. (61) proposed a method of obtaining the 
the o r e t i c a l buckling load of a perfect column from experimental data 
of columns with i n i t i a l curvature. He suggested that the i n i t i a l 
d e f l e c t i o n , w and the additional d e f l e c t i o n , w due to the application 
of a load P could be described by FoUrier sine series with c o e f f i c i e n t s 
w^  and w^  respectively. Re-arrangement of the equilibriiam equation 
for the Euler colvmm re s u l t s i n 
"n = 
( f - 1) 
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where P i s the nth c r i t i c a l load f o r the'column. The c r i t i c a l load 
n . -
of most concern P occurs"when n = 1 since t h i s y i e l d s the minimum CR 
value of P . As P approaches the value P_„ the de f l e c t i o n component 
n i->K 
w^  becomes predominant and the t o t a l d e f l e c t i o n of the column may 
be described by 
- 1) 
P l o t t i n g A against A/P re s u l t s i n a straight l i n e , the Southv/ell l i n e , 
which has a gradient of P^„ and an intercept with the A axis of - w.. 
The strength of t h i s method for predicting c r i t i c a l loads was 
demonstrated by Bridget et a l (62) who u t i l i s e d the method to analyse 
data from buckling tests on equal-legged angle s t r u t s . Long v;ave and 
l o c a l buckling modes v/ere treated by the same method v/hich gave 
favourable r e s u l t s compared to t h e o r e t i c a l predictions. A further 
extension of the method was presented by Gregory (63) who suggested 
that measured str a i n s could be used to predict c r i t i c a l loads of 
a x i a l l y and e c c e n t r i c a l l y loaded columns. Gregory showed that a pl o t 
of the strain., e, measured at some cross-sectional co-ordinates v, 
normal to the bending plane against the ratio. e/P resulted i n a 
deviation from a straight l i n e with gradiient P^ _ of 
CR. 
^^CR ^CR^^-
due to the application of the load, P at some e c c e n t r i c i t y , e. He 
suggested that i f the s t r a i n were measured on the compressive side of 
the column, the two terms tend to cancel and, p a r t i c u l a r l y for small 
e c c e n t r i c i t i e s , may be neglected. 
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The general t h e o r e t i c a l considerations -involved "iri applying the 
method of Southwell to a varie-ty of i n s t a b i l i t y problems have been 
presented by Dpnnell (64) * In p a r t i c u l a r he considers t;he-case o f a 
f l a t plate simply supported on three edges and free on the other. 
This condition of support i s s i m i l a r to that of a simply supported 
equal-legged angle section as used i n the experimental study of 
Bridget et a l . The corresponding d i f f e r e n t i a l equations are seen"to 
be l i n e a r i n t h i s case and Southwell's method can be r e a d i l y applied. 
A f l a t p late simply supported on a l l edges however r e s u l t s i n non­
l i n e a r d i f f e r e n t i a l equations, but i t i s shov/n by Donnell that, for 
deflections of the order of the plate thickness, Southwell's method 
may s t i l l be applied. 
Roorda (65), however, has suggested that i n many s t r u c t u r a l 
t e s t i n g si-fcuations, measurements extend beyond the .small d e f l e c t i o n 
regime upon which the Southwell method i s based. He continues to 
characterise the buckling behaviour of structures into one of four 
types: ne u t r a l , stable symmetric, unstable symmetric; and symmetric 
as shown i n Figure 10 a, b, c and d respectively. In the present s-fcudy 
in t e r e s t l i e s with the neutral and stable symmetric behaviour only. 
For column behaviour the i d e a l post buckling d e f l e c t i o n curve f a i l s 
close to the horizontal l i n e through the c r i t i c a l load and the column 
behaviour may be described as neutral r e s u l t i n g i n a s t r a i g h t 
Southwell l i n e as shown i n Figure 10(e). For plate buckling behaviour 
however, the i d e a l post buckling, curve may be described as stable 
symmetric as shown by Bulson (39). In t h i s case the Southwell l i n e 
i s not l i n e a r as shown i n Figure i p ( f ) . The c r i t i c a l load for t h i s 
c h a r a c t e r i s t i c i s derived from the i n i t i a l slope of the Southwell l i n e 
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(e) neutral (f) stable symmetric 
Fig.10 Buckling clnaracteristics and Southwell diagrams 
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i . e . as- 5 -»-0. Since the Southwell procedure'relies on measurement of 
s i g n i f i c a n t values of d e f l e c t i o n , 6 then for a" stable symmetric 
behaviour i t may be concluded that the Southwell method w i l l over­
estimate the c r i t i c a l load f o r the structure. Roorda concludes' that 
i n general the a p p l i c a b i l i t y of the Southwell p l o t i s dependent upon 
an understanding of the post buckling behaviour of the structure•under 
consideration. I t may be anticipated then, that' accurate estimation' of• 
c r i t i c a l loads -for l o c a l buckling of channel sections- usingthe method 
of Southwell although t h e o r e t i c a l l y possible may b e ' d i f f i c u l t i n 
practice. 
Consideration of the r o t a t i o n a l displacements of columns during 
t o r s i o n a l - f l e x u r a l buckling has been included by Leicester (6'6) . This 
work i s concerned p r i m a r i l y v/ith the s t a b i l i t y " o f beam-columns but the 
author.shows that the analysis can equally apply to a x i a l i y loaded. 
coliamns. I t i s c l e a r l y demonstrated that plots of column r o t a t i o n , (|) 
against the r a t i o (j)/P r e s u l t i n straight- l i n e s of gradient' P and 
CR 
with intercepts describing the i n i t i a l t w i s t of the column. -Thus' with 
due regard for the magnitude and mode of the deflections i t i s possible 
to obtain the o v e r a l l buckling loads of any column from measurements of 
the p r e c r i t i c a l deflections under t e s t . I t should be emphasised that 
accurate predictions of the cri-fcical load can only be obtained from the 
load/deflection c h a r a c t e r i s t i c as the load approaches the c r i t i c a l value 
i n t h i s case. 
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CHAPTER I I I 
THE MECHANICAL•PROPERTIES OF CFRP 
3.1 The Manufacture of CFRP Thin-walled sections 
3.1.1 Material Specifications 
I t was suggested i n Chapter I . that, f o r columns subject to long 
wave buckling, the high s p e c i f i c properties of composite materials are 
best exploited.by ensuring that the f i b r e d i r e c t i o n i s p a r a l l e l to the 
loading a x i s , of the column. In view of t h i s , a u n i d i r e c t i o n a l material 
was chosen f o r the columns investigated. Another factor a f f e c t i n g t h i s 
choice, was the resultant ease of manufacture of the columns. This 
point i s expanded i n section 3.1.2. 
Carbon f i b r e s are produced i n bundles known as tows, which 
contain several thousand i n d i v i d u a l filaments. The cross-section of a 
single f i b r e i s generally c i r c u l a r , with a diameter of about 7-8"^m, 
although there are a va r i e t y of specialised shapes and sizes a v a i l a b l e . 
There are also a range of properties available with carbon f i b r e s 
offering high strength, or high s t i f f n e s s , or a combination of the tv/o. 
In order to r e a l i z e maximum c r i t i c a l loads f o r the column a high modulus 
(HM) type f i b r e was chosen. The r e s i n system selected for the. material 
matrix was MY753/HY956 manufactured by Ciba-Geigy. This i s an epoxy based 
re s i n which gives good adhesion properties at the f i b r e / r e s i n i n t e r face. 
The strength of t h i s i n t e r f a c i a l bond plays an important r o l e i n 
characterising the-overall properties of the composite material. 
Another c h a r a c t e r i s t i c of the composite which controls the-
mechanical properties of the material i s the f i b r e volume f r a c t i o n , 
V . This i s simply the volume of f i b r e per unit volume of composite 
41 
arid i s usually expressed as a percentage. The t e n s i l e modulus of the 
composite i n the f i b r e d i r e c t i o n E^^ can be estimated from properties 
of the constituents using the 'rule of mixtures' expressed as 
^11 = ^ F ^ F ^ V M . (20) 
where the'subscripts F and M, r e f e r to the f i b r e and matrix respectively, 
Since E^ i s considerably greater than E^ ^ then E^ j^ ^ i s very nearly 
proportional to V„ and maximum sti f f n e s s e s w i l l be obtained v/ith high 
volume f r a c t i o n s . I t i s impractical however, to maintain f r a c t i o n s of 
greater than 70%, since i t i s not possible to guarantee, that each f i b r e 
w i l l be surrounded by matrix material, and the necessary composite load 
transfer mechanism w i l l have been l o s t . A design volume f r a c t i o n of 
60% was chosen, with a t h e o r e t i c a l l o n g i t u d i n a l modulus of about 
2 
230 GN/m . The manufacturing process, again had some influence on the 
choice of t h i s volume f r a c t i o n . 
The mechanical behaviour of a u n i d i r e c t i o n a l composite material i s 
completely defined by f i v e mechanical-properties E , E ,v V and 
XX X^ J 
G (these properties are defined i n Appendix II) where the f i b r e 
•Lei , 
d i r e c t i o n corresponds to the p r i n c i p a l 1 d i r e c t i o n . The u n i d i r e c t i o n a l 
material, i s described as being transversely i s o t r o p i c since, i f the 
fib r e s - a r e randomly dist r i b u t e d through the cross-section, the plane 
normal to the f i b r e d i r e c t i o n , maybe, considered' as a plane of is.otropy. 
In the analysis of thin-walled sections, the effects of stresses through 
the thickness are generally ignored. Thus the evaluation of the 
parameters E^ ^^ , ^22'^ ""2 "^"^  ^12 s u f f i c i e n t to predict the 
behaviour of thin-walled structures, with reasonable accuracy. For more 
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sophisticated analyses, where transverse properties are to be considered, 
then a measure of the parameter "^ ^^  or G^ ^ i s required. Since the 
shear properties i n the lo n g i t u d i n a l and transverse d i r e c t i o n are 
contr o l l e d p r i m a r i l y by the r e s i n properties, i t i s reasonable to 
assume that, the modulus G^ ^ w i l l approach the measured, modulus G^ ^ 
for a u n i d i r e c t i o n a l composite. I t i s p a r t i c u l a r l y d i f f i c u l t to measure, 
either ,V_ or G for thin sections., and the above assumptions w i l l be 
made where these values are required. 
3.1.2 The Pultrusion Process 
A l l sections investigated i n t h i s work were manufactured using the 
pultrusion process car r i e d out by the Process Technology D i v i s i o n at 
AEE Harwell.. The process was selected p r i m a r i l y for economical reasons: 
i t i s quick and e f f i c i e n t requiring the minimum of manual work i n 
comparision with the highly labour intensive a l t e r n a t i v e methods available 
and as a r e s u l t i s commercially very competitive. But i n addition to 
i t s low cost, i t was f e l t that the method could guarantee a good degree 
of uniformity of mateirial properties within a batch. A property which 
other hand methods do not possess as yet. 
A schematic of the process i s shov/n i n Figure 11. The tows of 
f i b r e s are fed under a r o l l e r immersed i n the r e s i n system selected for 
the matrix. The tows are thus wetted with the uncured r e s i n , and are 
fed through a carding p l a t e . This consists of a st e e l plate v/ith 
several hundred perforations, which are s l i g h t l y larger i n diameter than 
a single tow of f i b r e s . The carding plate serves two functions; excess 
r e s i n i s removed as the tow passes through the pla t e ; and the tows are 
aligned i n the correct manner before entering the die. The f i b r e / r e s i n 
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Fig.11 Schematic of the pultrusion process 
system i s fed in t o the f i r s t section of the die which i s water cooled 
to prevent any r e s i n curing at the die entrance. The second section i s 
o 
heated up to 150 C at, which temperature the re s i n system begins to 
exotherm, and the temperature i n the die reaches about 230°C. As the 
cured f i b r e / r e s i n system passes, into the f i n a l section i t begins to 
co o l , and eventually emerges from the die as a completely cured section. 
The rate at which the f i b r e / r e s i n system passes through the die i s 
approximately 75 mm per minute. 
In order to evaluate the process f o r the production of t h i n -
walled sections, two prototype sections were manufactured. Both sections 
were of the open channel form and are shown with the design dimensions 
i n Figure 12. The larger section required 212 tows (1000 fibres/tow) 
for the optimum volume f r a c t i o n of 60%, and was manufactured i n one 10 
metre length. The smaller section was manufactured i n a single, 3 metre 
length, and required 15 tows for pptimiim voliime fraction-. The sections 
manufactured using t h i s system w i l l be referred to as Batch I . 
After preliminary investigations on these materials, "a further 
10 metre length of channel section with the larger dimensions of 
Figure 12, v;as manufactured for t h e . f i n a l test programme- which will.,be 
referred to as Batch I I . 
3.1.3 Material QUall-.ty: 
The material from Batch I was examined, and several important 
points were noted. .The wall thickness of the larger channel section-
nominally 2.5 mm showed variat i o n s of up -to 10% along the length of the 
sectipn. The thickness was also seen to vary around the cross section, 
by a s i m i l a r amount. In p a r t i c u l a r , l o c a l i s e d thinning of the walls was 
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Fig.12 Dimensions of manufactured channel s e c t i o n s 
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observed i n the central region of the web, and at the t i p s of the 
flanges of the channel. In these regions,, the wall thickness was 
reduced by UP to 20%. Overall d i s t o r t i o n of the section was also 
observed. In general, the flanges v/ere s l i g h t l y curved and were not 
perpendicular to the web, and the section was bowed and twisted along 
i t s length. Some of these c h a r a c t e r i s t i c s can be seen i n Plate .1 
where cross-sections of ten stock lengths of the-larger section are 
shovm. 
The change i n thickness of the section, whether l o c a l i s e d or 
o v e r a l l , was considered to be caused by r e s i n curing i n the die, and 
adhering to the die walls. I t i s i n e v i t a b l e that some b u i l d up of resin 
•\i±ll occur as the production proceeds, but l o c a l i s e d adhesion and the 
corresponding reduction i n specimen wall thicknesses cannot be tol e r a t e d . 
The phenomenon occurred i n b.oth;specijnens of Batch I , and v/as predominant 
i n the smaller section, where the section thickness was only a l i t t l e 
greater than the tow diameter. Microscopic examination of a polished 
cross-section of the smaller specimen, showed that the tows of f i b r e s 
were not merging with one and another and boundaries of r e s i n - r i c h 
areas were c l e a r l y v i s i b l e . I t was f e l t that there was l i t t l e merit 
i n developing the smaller section further for i t had served to demonstrate 
the d i f f i c u l t i e s encountered i n manufacturing such t h i n v/alled sections. 
The overall d i s t o r t i o n s of the larger sections were considered to 
be due to the stresses that are introduced into' the material during i t s 
manufacture. I f any v a r i a t i o n i n the mechanical properties of the tows 
i s present, or i f the drag force on the tows varies around the cross-
section, then d i s t o r t i o n of the section length i s l i k e l y to occur, i n 
order to minimise t h i s e f f e c t , the curved section i s clamped to a 
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t r o l l e y running on guide r a i l s . There are. two such t r o l l e y s , which 
are used c y c l i c a l l y , such, that there i s always an. even p u l l on the 
curved section, as i t emerges from the die. This method, however, 
does not offer s u f f i c i e n t bending and t w i s t i n g r e s t r a i n t as the 
t r o l l e y moves away from the die^ to prevent a small amount of curvature 
of the section. A s i g n i f i c a n t factor which contributes to.the magnitude 
of t h i s d i s t o r t i o n , i s the temperature p r o f i l e across the section, v/hen 
the r e s i n i s curing i n the die. Although the temperature i s c a r e f u l l y 
monitored and controlled throughout the d i e , i t i s i n e v i t a b l e that some 
d i f f e r e n t i a l expansion v / i l l take place, within the die. This w i l l 
either r e s u l t i n .distortion of the section length, or i n residual 
stresses induced i n t o the ^section, i n a l l p r o b a b i l i t y , a combination of 
both these effects i s l i k e l y to be present. 
The effects mentioned above were considered, and various s l i g h t 
changes i n the production method such as increasing the proportion, of 
release agent i n the r e s i n were incorporated for the production of 
Batch I I . The r e s u l t was better geometrical tolerances throughout 
the production•run. There were, however, some part through thickness 
flaws found i n some .sections and as a r e s u l t about 3 metres of the 
production was scrapped. The presence of these flaws could not be 
explained, but i t was thought that a residual stress system was 
contributory to the propogation of the flaws, v/hen the section was cut 
i n lengths. 
In view of these observations, the mechanical properties of 
material from Batch I have not been investigated, although material 
from these sec.tions, was used to evaluate the t e s t methods applied, to 
Ba-cch I I sections. The v a r i a t i o n of mechanical properties around the 
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cross-section of the channel has been investigated since i t was 
observed i n Batch I samples that the material v/as not homogeneous 
throughout the section. The test methods and r e s u l t s from sections 
of Batch i l material are presented i n the- following section. Typical 
cross-sections of the Batch I I material are shown i n Plate .II which 
indicated that there i s s i g n i f i c a n t l y l e s s geometrical d i s t o r t i o n and 
l o c a l thinning of the sections than observed i n batch 1 material and 
that there i s l i t t l e v a r i a t i o n i n geometry from one stock length to 
another. 
3.2 The Determination of the Mechanical Properties of CFRP 
3.2.1 Measurement of the Longitududinal Modulus E.^^^^ 
There are three basic methods for determining the modulus i n the 
f i b r e d i r e c t i o n , the simple t e n s i l e t e s t ; the compression test.; and the 
f l e x u r a l t e s t . The measurement of the compressive modulus i s d i f f i c u l t 
for t h i n sections, owing to the p o s s i b i l i t y of i n s t a b i l i t y and of 
crushing of the ends. The f l e x u r a l test i s e a s i l y accommodated with 
t h i n sections, but involves several problems. For materials such as 
CFRP, which have low shear moduli, the effects of the additional shear 
deflections mUst be included i n the analysis. Furthermore, i f there 
are differences i n the t e n s i l e and compressive behaviour of the material, 
the f l e x u r a l modulus r e s u l t s i n an e f f e c t i v e modulus, which may not be 
accurate, for the d i r e c t stress s i t u a t i o n . The t e n s i l e test shows none 
of these problems, but i t must be assumed, that the measured t e n s i l e 
modulus may be used i n compressive si t u a t i o n s without excessi-ve error. 
The majority of t e n s i l e test specimens presented, are based, on the 
'dog bone' shape, the dimensions of which vary between workers as 
exhibited by Sturgeon (67).,Hoggatt (68), Rothmann and Molter (69), 
49 
i 
o 
< 
CO 
CO 
•J 
2 
O 
o, 
cc 
O 
Q 
ta 
a 
a. 
b, 
o 
w 
CO 
"J, 
M 
fc 
O' 
OS 
'Qn 
0 
M 
H 
O 
t:} 
CO 1 
CO 
CO 
o 


e b l l i n g s and Finbow.(70), and. ASTM (71). Generally, for modulus 
measurements the s t r a i n i n the gauge section i s l i m i t e d to a f r a c t i o n 
of the U.T.S. for the material, owing to n o n - l i n e a r i t i e s exhibited by 
some composite materials. High volume f r a c t i o n CFRP however, behaves 
l i n e a r l y up to f a i l u r e , and these s t r e s s / s t r a i n boxonds are more f l e x i b l e . 
A p a r t i c u l a r problem with f i b r e reinforced p l a s t i c s i s encountered 
when gripping the specimen. Owing to the b r i t t l e nature of the material, 
clamping of the material may r e s u l t i n crushing. This i s overcome by 
bonding: end tabs to the specimen. The types of tab presented vary from 
alumunium f o i l f o r low loading s i t u a t i o n s , to several layers of G.R.P. 
pr 18 s.w.g. alvmiinium plate for high loads, Associated with these 
problems are the d i f f i c u l t i e s encountered with the use of mechanical 
extensometers. These may s l i p or cause l o c a l i s e d damage to the specimen 
and as a r e s u l t the use of bonded s t r a i n gauges seems preferable. ' 
The t e n s i l e t e s t specimen designed for t h i s i n v e s t i g a t i o n i s shown 
i n Figure 13. The specimen has a central p a r a l l e l section 10 mm long,, 
ground to a thickness of 1 mm. The large radiused section ensures an 
ef f e c t i v e load transfer, from the specimen ends and prevents the, shear 
f a i l u r e s , exhibited by specimens having more abrupt changes i n section 
thickness. 
The specimen end tabs were 18 s.w.g. aluminium, .bonded to the 
50 mm grip regions. These were prepared by abrading with 400 'grade 
'wet or dry' paper u n t i l d u l l a l l over, washed i n trichloroethylene, 
washed i n acetone, etched i n chromic acid for 30 minutes, and f i n a l l y 
washed i n d i s t i l l e d water, and a i r dried a:t 5C)°C. The CFRP specimen 
was prepared by abrading with 400 grade 'wet Or dry' paper, washing i n 
d i s t i l l e d water, and drying i n a i r at, 50°C. The end tabs were bonded to 
the specimen using 'Araldite Rapid', a fast s e t t i n g epoxy r e s i n . 
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Etched f o i l gauges, type FCA-2, manufactured by Kenkyujo, 
were bonded to the central section of the specimen using Kenkyujo CN type 
adhesive. The gauge length was l i g h t l y abraded with 600 'wet or dry' 
paper before attaching the gauges. Gauges were attached to both sides 
of the gauge section, and connected- so as to minimise bending e f f e c t s . 
Strains were measured using a laboratory b u i l t a m p l i f i c a t i o n system 
described i n Appendix IV, and were plotted d i r e c t l y against the applied 
load using a Bryans XY recorder. The specimens were tested i n an 
Instron Universal Testing Machine with a cross-head speed of 1 mm per 
minute and loaded up to about 35% expected f a i l u r e load. The modulus 
v;as obtained from the gradient of the load/strain graph, and the cross-
sectional area of the specimen gauge length. 
3.2.2 Measurement of the Transverse Modulus 
For reasons s i m i l a r to those given for measurement of the 
lon g i t u d i n a l modulus, the use of compression t e s t s and f l e x u r a l t e sts 
i s not advisable. The transverse modulus has been obtained by several • 
workers using the 'dog bone' type specimen i n tension. Since the 
specimens for t h i s investigation had to be manufactured from the stock 
material, the maximum length of specimens was l i m i t e d to 25 mm. This 
introduced the d i f f i c u l t y of gripping the specimen without damaging i t . 
This problem was solved by bonding a CFRP 'extension' to the specimen 
with an overlapped j o i n t using 18 s.w.g. Aluminium end tabs. The 
dimensions used i n t h i s design are shown i n Figure 14. 
Since the tranverse modulus of CFRP i s very low, the f r i c t i o n a l 
resistance of the machine grips to rotation was comparatively high and 
could induce large bending st r a i n s i n the specimen gauge length. The 
specimen was therefore supported by small pinned universal j o i n t s which 
were i n turn clamped i n the t e s t i n g machine jaws. A t y p i c a l specimen i s 
shown i n Plate I I I . 
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The central region of the specimen was ground f l a t and p a r a l l e l 
and Kenkyujo wire gauges, type PL3, were bonded on each face using CN 
type adhesive. The specimen end tabs were prepared as f o r the 
l o n g i t u d i n a l test specimens. Spare CFRP stock material was used to 
space the end tabs and form the overlapping- j o i n t . Each j o i n t surface 
was abraded and cleaned before the specimen was assembled and glued 
using A r a l d i t e Rapid epoxy r e s i n . The specimens were tested i n an 
Instron Universal Testing Machine with a cross-head speed of 0.5 mm per 
minute. The s t r a i n gauges were connected so as to minimise the effect 
of bending s t r a i n s and the specimen was loaded to 20% expec-fced ultimate 
load; Strains were measured using the amplification system described 
i n Appendix IV and were plotted d i r e c t l y against applied load using a 
Bryans XY recorder. The modulus was calculated from the gradient of 
the load/strain graph and the measured c.s.a. of the gauge length. . 
3.2.3 Measurement of the Longitudinal Shear Modulus G.^^^  
Values of G^ ^ f i b r e composites have been obtained by various 
workers using dynamic and s t a t i c t e s t methods. The former method involves 
the measurement of resonant frequencies of a specimen subjected to 
t o r s i o n a l o s c i l l a t i o n s and i n general requires sophisticated apparatus 
to ensure accurate r e s u l t s . The s t a t i c method employs a simpler 
apparatus and was used for t h i s i n v e s t i g a t i o n . 
The s t a t i c torsion t e s t i s a method for obtaining .the t o r s i o n a l 
r i g i d i t y of a given section from which the. shear modulus can be calculated. 
The e a r l i e s t expression f o r the t o r s i o n a l r i g i d i t y of rectangular bars 
of orthotropic material was presented by Voigt (72). This expression i s 
given below and i s seen to involve only one p r i n c i p a l shear modulus G^ ^ 
(see Appendix II) 
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r 
C, = ( ^ ) (1 - 0.630 i)./(S---^^ - 0.630 (^ ) ^ ) (21) 
I f warping of the cross-section occurs during, t w i s t i n g then a l l three 
p r i n c i p a l shear moduli should be involved i n the expression for t o r s i o n a l 
r i g i d i t y . R itchie and Rosinger (79) have-presented an expression s i m i l a r 
to equation 21 which includes the effects of a l l p r i n c i p a l shear moduli 
and i s given below. 
wt 
1 
w 
(22) 
where 
F = -0.6274 (S- _/S' . ) ^ i:„ (2n+l)~^ 55 66 n=o 
This r e s u l t has been shown to give more favourable r e s u l t s than 
expression 21 for unidirectional, composites with the f i b r e s i n c l i n e d to 
the to r s i o n a l axis of the specimen. Richie and Rosinger have suggested 
that the series expression i n F w i l l converge to unity provided 
This investigation i s concerned v/ith specimens having f i b r e s 
aligned . with the t o r s i o n a l axis and the primes of the compliances 
may be dropped. Furthermore, i f a u n i d i r e c t i o n a l composite of hexagonal. 
symmetry i s assumed, -the compliances and S._ become- equal. Thus 
5b DO 
the c r i t e r i o n for the series, expression i s reduced to ^ > 3 which was 
o r i g i n a l l y suggested by Voigt f o r equation 21. Also f o r the case i n 
54 
question the compliance S^^ becomes zero and the expression 22 may be 
written. 
wt 3 t 
- 0.6274 w 3 1 G 12 (23) 
Clearly the only difference between expressions 21 and 23 f o r 
the aligned u n i d i r e c t i o n a l composite is- between the factors 0.63 given 
2 
by Voigt as - = 0.637 and 0.6274 given by R i t c h i e and Rosinger. 
A s t a t i c t o r s i o n r i g has been designed for the measurement of 
the t o r s i o n a l r i g i d i t y of t h i n rectangular bars of composite material. 
The appiaratus i s shovm i s Plate IV and a schematic i s given in: Figure 15. 
The o v e r a l l specimen length was 100 mm and specimen thickness up to 
2 mm and wid-fchs of 25 mm could be accommodated i n the r i g . A specimen 
was clamped at one end of the apparatus and located i n a r o l l e r bar at 
the other end. This bar ran on two larger- r o l l e r s , running on. small 
b a l l bearings.. I t was found that with a weight of 100 gms supported 
by these r o l l e r s , addition of 5 gms to the weight hanger was s u f f i c i e n t 
to overcome f r i c t i o n i n the bearings. The weight hanger was attached to 
a s t e e l wire which ran around the free r o l l e r thus imparting a torque 
to -the specimen. Two front surfaced mirrors were attached to the 
specimen with a separation of 50 mm. A 3 mW He/Ne las e r was used as 
a l i g h t source and a. beam s p l i t t e r was produced which gave two p a r a l l e l 
beams with a separation of 50 mm. The beams were adjusted to f a l l 
incident on the mirrors and the r e f l e c t e d l i g h t rays projected onto a 
wall chart. Weights were added to the hanger i n 40 gm increments'and 
the r e l a t i v e rotation of the mirrors was calculated from the displace­
ment of the re f l e c t e d l i g h t beams. A plot of applied torque against 
55 
to scale 
ig. 15 Schematic, of s ta t ic torsion r ig 
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twist was produced for increasing and decreasing loads, i n clockwise and 
anti-clockwise d i r e c t i o n s . The averaged r e s u l t s gav.b a measure of the . 
t o r s i o n a l r i g i d i t y . 'Substituting t h i s r e s u l t i n t o equation 23'gave a 
value for the shear modulus * 
3.2;4 Measurement of.the Longitudinal Poissons Ratio, V;^ .^  
A v a r i e t y of proposals have been made concerning the evaluation 
of for u n i d i r e c t i o n a l composites. Most, of the proposed tests are 
equally applicable for measurement of the longitudinal modulus and 
have been outlined in. section 3.2.1- The specimen designed f o r 
longitudinal modulus evaluation was used for t h i s i n v e s t i g a t i o n , the 
dimensions of which are shown i n Figure 13- The specimen v/as tested i n 
an Instron Universal Testing- Machine at a cross-head speed of 1 mm per 
minute- Crossed f o i l gauges, type FCA-2 were bonded' to each face with 
the component gauges .aligned- with the f i b r e and transverse d i r e c t i o n s . 
The gauges were connected so as to minimise bending e f f e c t s , and s t r a i n s 
were measured using the bridge amplifier system described i n Appendix 
I^ V. Longitudinal and transverse strains were plotted d i r e c t l y against • 
the applied load using a Bryans XYY pen recorder. The r a t i o of the 
gradients of the two p l o t s gave the value of Pqissons r a t i o . 
3-2-5 Measurement of Longitudinal Tensile Strength 
The l o n g i t u d i n a l t e n s i l e strength of the material was obtained 
using the specimen outlined f o r measurement of the l o n g i t u d i n a l modulus, 
the dimensions of which are given i n Figure 13. The central waisted 
region ensured f a i l u r e within t h i s gauge section and- any f a i l u r e s , 
including pull-out f a i l u r e s pccuring outside t h i s region were disregarded. 
Specimens v/ere tested i n an Instron Universal Testing Machine at a 
cross-head speed of 1 mm per minute-
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312.6 Measurement-of Transverse Tensile Strength 
A measure of the transverse t e n s i l e strength was obtained using; 
specimens designed for transverse modulus determination shown i n Figure 
14. The specimens were tested i n an Instron Universal Testing Machine, 
at a cross-head speed of 0.15 mm per minute, and f a i l u r e s occuring 
outside the central waisted region of the specimens were disregarded. 
3.2.7 Measurement of Fibre Volume Fraction 
The f i b r e volume f r a c t i o n of a composite,, can be obtained by-
various methods of volumetric analysis, or by o p t i c a l fareal analysis 
techniques, each method having some advantages over the other. The 
more, popular method appears to be based on a volumetric analysis by 
acid digestion of the r e s i n matrix, as outlined by Haynes and Tolbert 
(74), Childs (75), and, Crossland and Fennel (76). An alternative, 
method o r i g i n a l l y derived f o r glass f i b r e reinforced p l a s t i c s , involving 
resin burn-off, has been shown by Parker (77) to give rapid and accurate 
results.->-.: within certain l i m t a t i o n s . This l a t t e r method i s p a r t i c u l a r 
sensitive to f i b r e type, and considerable fibre-weight loss may need 
accounting f o r , i n c a l c u l a t i n g volume f r a c t i o n s . 
A' l i m i t a t i o n of a volumetric analyses, i s tha:t the r e s u l t s only 
give an average volume f r a c t i o n for the given specimen. Single large 
incl u s i o n s , or voids, are 'wrapped up' i n the average value obtained. 
Clearly a series of specimens analysed by t h i s method elim'ate the effects 
of i s o l a t e d i n c l u s i o n s , but more information concerning the microstruc-
ture can be obtained from -• areal analysis. I t i s known that composite 
properties are not s o l e l y defined by the mechanical properties of the 
constituents, and t h e i r respective volume f r a c t i o n s . Other factors, 
such as the degree of f i b r e alignment, the contiguity of f i b r e s , and 
d i s t r i b u t i o n of voids can a l l contribute to the o v e r a l l composite 
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properties. .'.Arear analysis allows these, and other parameters, to be 
quantified-. ' • 
For t h i s i n v e s t i g a t i o n , the v a r i a t i o n of the areal fractions of 
the composite constituents, around the cross-section of a pultruded 
CFRP channel was of p a r t i c u l a r i n t e r e s t . A Quantimet 720 B. area 
analyser with aiutomatic focussing and stepping stage f a c i l i t i e s , was 
used for the analysis. 
Short lengths of the channel sections v/ere mounted i n Metset SW 
mounting r e s i n and cured at room temperatiore f o r 24 hours. The mounted 
specimens were polished by hand. Using a variety of grades of 'wet or 
dry' paper, f i n i s h i n g with 600 grade. The f i n a l p o l i s h i n g was carried 
out using an Engis automatic polishing head with various grades of 
diamond polishing compound and a water-soluble solvent. A s i l k p o l i s h ­
ing pad and iPm grade compound was used for the f i n a l stages. The, 
finished specimens were washed i n an ultrasonic bath and f i n a l l y with 
d i s t i l l e d water, amd a i r - d r i e d at 50°C. 
1 
The analysis was car r i e d out i n s i x regions around the cross-
section l a b e l l e d a-f i n Figure 16-. The stepping stage was set to move 
twenty times along the length of each region and f i v e times across the 
width of the region, giving one hundred counts per region. The frame 
5 
s i z e was set at 5 x 10 pictixre points and the magnification chosen such 
that each f i b r e was approximately 8 picture points i n diameter. Three 
phases were analysed: the f i b r e phase; the resin phase; and the voids. 
The process was computer controlled and ctammulative averages were printed 
at a teletype terminal during each t e s t . At the end of each t e s t , the 
o v e r a l l average for the region was obtained. 
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Fig. 15 Regions of channel sect ion for proper ty determination 
(a) uncoupled 
\ 
.(b) coupled 
Fig,17 Tensile test fai lure modes 
60 
3.3 The Mechanical Properties of Unidirectional Pultruded CFRP 
3.3.1 The Longitudinal. Tensile Modulus :E^^ 
The l o n g i t u d i n a l modulus was investigated at several regions around 
the cross-section since homogeneity during manufacture could not be 
guaranteed. The section was subdivided i n t o s i x regions as shown i n 
Figure 16. The modulus E^^ was evaluated f o r three of these regions b, 
d, and f, t e s t i n g s i x specimens for each region. The r e s u l t s are 
given i n Table 1 and show c l e a r l y the v a r i a t i o n of modulus around the 
2 
section. The average values for the regions b, d and f were 191 GN/m , 
2 2 239 GN/m , and 207 GN/m respectively. 
3.3.2 The Transverse Tensile Modulus. E^^ 
Since the maximiim length of specimen was required for evaluation 
of the transverse modulus, i t was not possible to investigate as many 
regions around the cross-section as for the l o n g i t u d i n a l properties. 
Specimens were manufactured from both flanges (referred to as F l and F2) 
and the web at a given cross-section. Six sets, of .specimens- were tested 
from various locations i n the production length. The r e s u l t s are shown 
i n Table 2 and show the inconsistancy of r e s u l t s between the flanges and 
2 
the web. The average value of i n the web region was 9.75 GN/m 
2 
whereas, that fo r the flanges was 8.74 GN/m . 
3.3.3 The Longitudinal Shear Modulus G^ ^^  
The modulus G^ ^ was investigated around the cross-section as for 
the t e n s i l e modulus E^^. Specimens were compQfmentary to those for E^^ 
measurement and were obtained from regions a, c, and e at the same 
cross-sectional locations. The r e s u l t s are shown i n Table 3 and the 
2 2 
average shear modulus for regions a, c and e \iere 4.267 GN/m , 5.5 GN/m , 
2 
and 4.133 GN/m respectively. Again a s i g n i f i c a n t v a r i a t i o n around the 
cross section i s observed. 61 
TABLE- 1 
Longitudinal Tensile Modulus E^ .^  
Batch I I 
Section Stock No. Modulus Mean Section Modulus 
(See Fig. 14) GN/m^  _ GN/m^  
b 14 206 
b 15 176 
b 16 188 191 
b 17 2 l i 
b 19 197 
b 20 168 
d 14 228 
d 15. 205 
d 16 236 239 
d 17 275 
d 19 255 
d 20 234 
f 14 249 
f 15 172 
f 16 , 160 207 
f 17 208 
f 19 227 
f 20 228 
62 
TABLE 2 
Transverse Tensile Modulus E 
Batch I I 
•22 
Section Stock No. Modulus Mean Section Modulus 
GN/ift2. GN/m;2 
F l 14 9.64 
15 12.67* 
16 8.61 
17 8.39 
19 8.13 
20 8.64 8.74 
F2 14 8.0 
15 9.4 
16 9.41 
17 8.99 
19 7.75 
20 9,19 
W 14 9.21 
15 10.3 
16 10.61 9.75 
17 ' 8.97 
19 9.29-
20 10.1 
* non-linear load/strain curve - r e s u l t ignored 
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TABLE 3 
Longitudinal Shear Modulus (f-
s= : —-^122 
Batch I I 
Section 
(See F i g 14) 
Stock No. 
14 
15 
16 
17 
19 
20 
14 
15 
16 
17 
19 
20 
14 
15 
16 
17' 
• 19 
20 
Modulus 
GN/id2 
2.9* 
4.5 
4.8 
4.5 
4.9 
4.0 
5.5 
5.7 
5.5 
5.3 
5.3 
5.7 
4.1 
3.6 
4.5 
5.0 
4.0 
3.6 
Mean Section Modulu 
4.267 
5.5 
4.133 
* r e s u l t ignored 
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3.3.4 The.Lbrigitudinal. Poissons Ratio,v^^^ 
Specimens used for lon g i t u d i n a l t e n s i l e modulus evaluation v/ere 
used for measurement of ^^^2* "^ ^^  r e s u l t s are shovm i n Table 4 and show 
a considerable degree of scatter, even within a given region of the cross-
section. The explanation for t h i s i s not altogether c l e a r , but i t i s 
thought that the c r o s s - s e n s i t i v i t y of the r e l a t i v e l y short s t r a i n gauges 
may be contributory. Several measured values appear to be very high 0.5 
or more, an effect possibly caused by l o c a l defects such as voids. Other 
workers, such as Johnson (78) have also shown large amounts of scatter i n 
t h e i r experimental r e s u l t s without rigorous explanation, and i t i s f e l t 
that the dependance of °" the composite microvariables i s not y e t 
completely Understood. 
3.3.5 The Longitudinal Tensile Strength 
I t v/as found that specimens manufactured from the flanges of the 
channel-section f a i l e d predominantly i n what appeared to be an uncoupled 
mode. As a r e s u l t , the fracture surfaces extended beyond the c e n t r a l l y 
waisted regions of the specimens and the numerical r e s u l t s were disregarded. 
Specimens manufactured from the web of the channel section were seen to 
f a i l i n a coupled mode and the f a i l u r e surfaces were always contained 
within the waisted region. A diagram of t y p i c a l coupled and uncoupled 
f a i l u r e modes i s shown i n Figure 17. The r e s u l t s f o r specimens from the 
web of the channel are given i n Table 5, the average value being 712.2 
2 
MN/m . The f a i l u r e siarface of a l l web specimens was seen to be i r r e g u l a r , 
suggesting that the f a i l u r e i s governed by shear. I t has been suggested 
by Ewins and Ham (79), that t h i s shear mode of f a i l u r e i s exhibited by 
t e n s i l e and compressive f a i l u r e surfaces. Consequently, the measured 
values from t e n s i l e and compressive strength t e s t s w i l l be very s i m i l a r . 
This argiiment only follows i f the shear f a i l u r e mode i s predominant i n 
both cases. Matrices with comparatively low shear moduli w i l l p r e c i p i t a t e 
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TABLE 4 
Longitudinal Poissons' Ratio V-
Batch I I 
•1-2 
I— 
Section Stock No. Poissons Ratio Mean Section Value 
(See F i g 14) 
b 14 0.86* 
15- 0.54* 
16 0.26 ' 0.237 
17 0.23 
19 0.22 
20 0.68* 
d 14 0.42 
15 0.66* 
16 0.68* 
17 0.4 0.389 • 
19 0.41 
20 0.325 
f . 14 0.34 
15 0.24 
16 0.31 0.307 
17 0.46 
19 0.18 
20 0.6* 
* resu l t s i n excess of 0.5 to be ignored 
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TABLE 5 
Longitudinal Tensile Strength 
Batch I I 
Section Stock No, Tensile Strength .Mean Section, Strength 
MN/m"^ . m/m 
W 14 768 
15 697 
16 624 712.2 
17 724 
19 743 
20 717 
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f i b r e micro-buckling, under compressive loads and the apparent compressive 
strength w i l l f a l l below the t e n s i l e strength of the material. I t has 
been assumed here that the measured t e n s i l e strength w i l l give a 
reasonable estimate of the compressive strength of the material. 
3.3.6 The Transverse Tensile Strength 
In order to obtain the t e n s i l e strength of the material i n a 
transverse d i r e c t i o n , test specimens of, the dimensions shown i n Figure 
14 were tested to f a i l u r e . Out of 36 specimens manufactured, only one 
t h i r d of these were able to sustain the f a i l u r e loads of the material 
without the end tag/specimen bond f a i l i n g . Although p a r t i c u l a r care 
was taken i n preparing and bonding the specimen configuration together 
i t was not possible to guarantee good adhesion. S l i g h t v a r i a t i o n s i n 
adhesive properties were s u f f i c i e n t to cause f a i l u r e by pull-out rather 
than material breakage. The r e s u l t s that were obtained are given i n 
2 
Table 6 and show an average transverse t e n s i l e strength of 14.5 MN/m . 
From the r e s u l t s , i t i s seen that the measured strength i s higher 
i n the web section than i n the flange, but, with.such a low number of 
specimens t h i s may not be conclusive. Furthermore, there i s a consider­
able degree of scatter i n the r e s u l t s throughout the section. The 
transverse strength of a u n i d i r e c t i o n a l composite i s controlled prima­
r i l y by the strength of the matrix and of the fibre/matrix bond. Any 
voids present i n such a material w i l l generally be elongated i n the f i b r e 
directions and, w i l l be s i g n i f i c a n t 'stress r a i s e r s .in the transverse 
loading s i t u a t i o n s . F a i l u r e may then be i n i t i a t e d by cracking of the 
resin matrix, with a lower apparent strength. The. manufactures quoted 
2 
t e n s i l e strength for the r e s i n system i s 55-60 MN/ra- which suggests that 
the weak f i b r e / r e s i n bond and the presence of voids, both play a consider­
able part i n c o n t r o l l i n g the composite material strength i n the transverse 
d i r e c t i o n . 
68 

TABLE 6 
Transverse Tensile Strength 
Batch I I 
Section Stock No. Tensile Strength Mean Section Strength 
MN/ni MN/m^  
F l 16 14.54 
19 13.81 13.71 
20 13.66 
20 12.82 
F2 15 15.4 
15 9.49 
16 18.25 13.72 
17 14.66 
20 10.79 
W 15 17.93 
15 12.49 16.oi 
16 17.6 
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3.3.7 The Fibre Volume Fraction 
The f i b r e volume f r a c t i o n has been obtained at various 
locations around the channel cross-section, by an o p t i c a l technique. 
Two sections were analysed and the r e s u l t s have been averaged f o r three 
regions: the flange t i p ; the flange root; and the web.. These regions 
correspond to the areas of Figure 16: a and f; b and e; c and d. 
respectively. The average area f r a c t i o n s f o r the three phases: 
fj-bre; matrix and void are given f o r the three regions o f the cross 
section i n Table 7. 
These r e s u l t s c l e a r l y slow tnat the f i b r e volume f r a c t i o n increases 
from the flange t i p to the web and correspondingly, the void f r a c t i o n 
decreases i n the same d i r e c t i o n . Since the volume f r a c t i o n of the 
constituent phases control the mechanical properties, of the composite, 
i t i s reasonable to expect considerable variation, of these properties, 
around the cross-section, as has been described e a r l i e r . 
Typical f i b r e d i s t r i b u t i o n s observed i n the central region of the 
channel web are shown i n Plate V'..These sections were ground and polished 
down.to lU-jn as described i n section 3.2.7 and were observed tnrough 
a conventional o p t i c a l microscope. The region shown i n the plate has 
been obtained from stock number 4 of the Batch I material. Reference 
to ;Plate .1. indicates that t h i s section suffered from severe thinning 
of the central web .section. However, the. microstructure shown for t h i s 
region i s of high quality and indicates very l i t t l e voidage. The r e s i n 
r i c h bands that can been seen were common to a l l sections manufactured 
and are most probably associated with excessive r e s i n around the f i b r e 
tOws on entering the die. The effect that such r e s i n r i c h areas has 
on the o v e r a l l mechanical properties of the composite i s f e l t to be 
i n s i g n i f i c a n t with the exception of the fracture or strength 
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TABLE 7-
Volume Fractions of Fibre, Matrix and Voids 
Batch I I 
Section V^ % V^ % V^ % V^ 
(Fibre Fraction)' (Matrix Fraction) (Void Fraction) (Mean Section) 
a, f 51.1 45.2 3.7 
value 
53.2 43.9 2.9 
51.9 45.8 2.3 51.93 
51.5 42.9 5.6 
c,.d 64.9 34.7 0.4 
61.3 38.2 0.5 64.1 
66.1 33.8 0.1 
b, e 56 40.8 3.2 
57.3 41.2 1.5 57.03 
59.3 39.1 1.6 
55.5 41.9 2,6 
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c h a r a c t e r i s t i c s f o r which these bands may provide p r e f e r e n t i a l 
f a i l u r e paths. I t can be seen that; i n the remaining regions 
of regular f i b r e arrays each f i o r e perimeter i s t o t a l l y wetted by the 
r e s i n ensuring an e f f e c t i v e load transfer mechanism from one f i b r e to 
i t s neighbour. Thus i n central regions of the channel webs where 
material of t h i s q u a l i t y i s found consistantly then the corresponding-
mechanical properties may be expected to comply with t h e o r e t i c a l 
predictions. 
The larger degree of voidage observed i n the flange regions 
consisted generally of elongated bubbles trapped within the array 
of f i b r e tows. These may have been generated by solvents trapped 
during the curing stage or by a i r bubbles being carried '-
into the die i n the uncured r e s i n . Whichever the explanation, and i t 
may be that both are contributory, i t i s clear that a lower volume " 
of f i b r e s are present i n the high voidage regions suggesting that an 
increased number of tows should be introducted into the flange 
regions. Owing to the asymmetric of the section t h i s may be d i f f i c u l t 
to ensure and i t i s suggested that closed sections would prove less 
d i f f i c u l t to manufacture and the required channel section could be 
machinea from, these. The manufacturers have claimed that the voidage 
phenomenon has not been observed i n any of the closed sec'tions that 
they have fabricated by t h i s process. 
3.4 Theoretical Predictions f o r Mechanical Properties of FRP 
3.4.1 E l a s t i c Constants f o r CFRP 
Owing to the v a r i a t i o n of mechanical properties, around the 
cross-section of the charinel, i t i s of i n t e r e s t to note whether these 
variations correspond to present t h e o r e t i c a l predictions, i n terms of 
constituent properties and f r a c t i o n s . The volume f r a c t i o n of the 
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various phases,, have peen obtained by experiment and may be used 
d i r e c t l y i n the analysis. The mechanical properties of the 
contituent materials, however, are not available v i a experiment 
and published data from manufacturers and other workers must be 
used. A l i s t of properties used f o r t h e o r e t i c a l predictions i s 
given i n Table- 8. 
A -convenient method of predicting the mechanical properties of 
a u n i d i r e c t i o n a l composite' i s given by the- Hal-pin - Tsai. equations 
(see Reference 80) shown below. 
^11 = ^ F \ ^ ^ M \ 
V + V V -hV V 
12 F F M M-
(24) 
! . [ i l ! ^ I (25) 
^1 ^F ) 
where 
(P-F ) (Pit ^ 
n = ( — - 1 ) / ( / • + ? ) 
Equations-24 are approximate expressions f o r E and 
described by the ru l e of mixtures. Equation 25 may be used fo r 
predicting the properties ^22' ^ 12' °^ ^23' ^^ '^ ^^ ^ ^  required 
property and P_, and P^ ^ are the corresponding f i b r e and matrix 
properties. 
Tne parameter^ i s a geometrical factor, dependant on the shape 
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TABLE 8-
Mechanical Properties of Carbon Fibres and Epoxy Resin 
Property Source Range Assumed Values 
2 p 
E_ (longitudinal) Courtaulds (HM) 310-360 GN/m 335 GN/m 
- F 
Reference 70 354 GN/m^  
E Giba-Greigy ' 2.5-2.8 GN/m^  
(MY753/HY956) 
M^ 
^F 
V 
•M 
V 
F 
E_(transverse) 
F 
Reference 70 3.45 GN/m^  3.5 GN/m^  
Reference 82 1.65 GN/m^  
Reference 83 1.9 GN/m^  1.4 GN/m^  
Reference 84 1.4 GN/m^  
Reference- 84 15-17 GN/m^  17 GN/m^  
Calculated from E,_ 
and G„ M 
M 
0.25 
Reference 81 0.35 0.35 
Estimated as E 
(long)/2a 
18 GN/m^  
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and contiguity of the f i b r e s . For c i r c u l a r f i b r e systems? = 1 for 
^12 ^ d C =2 for ^ 22' 
Several other methods for predicting composite properties from 
t h e i r constituents havetibeen presented, which may be Used to give 
estimates, f o r the required e l a s t i c constants. The models upon which 
these methods have been based assume an i d e a l composite i . e . a material 
with perfect f i b r e alignment, no flaws or voids, arid perfect f i b r e / 
matrix bonding. Predictions from such methods should c l e a r l y give an 
upper bound to the material properties. S t a t i s t i c a l methods have been 
used i n attemps to account for imperfections i n the material but the 
analysis becomes extremely complex, arid i t i s d i f f i c u l t to j u s t i f y i n 
many instances. For t h i s work, where the constituent, properties have 
been assumed, such complex solutions, are unwarranted and the s i m p l i f i e d 
equations 24 and 25, serve to give an insight i n t o how the material 
properties are l i k e l y to vary through the st r u c t u r a l cross-section. 
3.4.2 Comparison of Results 
The measured mechanical properties ^i2.'^12' ^12 ^22 
plotted versus the measured f i b r e volume f r a c t i o n i n Figures 18-21 
respectively. The r e s u l t s are shown as cruciforms centred at the 
mean value obtained fop each group of specimens. Three groups are 
consideJ^ed for each property, corresponding to the flange t i p , the 
flange root, and the web. The transverse modxilus E^^ i s the 
exception, where only one group of r e s u l t s i s available for the flange 
owing to l i m i t a t i o n s on specimen s i z e . 
Figure 18 shows the v a r i a t i o n of long i t u d i n a l modulus E^^ with 
f i b r e volume f r a c t i o n and includes a range of values presented by 
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other workers for CFRP with 60% f i b r e content. A theoretical, curve, 
based on the assumed properties of Table 8 and the r u l e of mixtures 
r e l a t i o n , equation 24; i s shown to give f a i r agreement with the 
measured r e s u l t s . The measured r e s u l t s from Reference 70 are also 
shown, and give more favourable agreement,, suggesting that a 
higher f i b r e modulus should be adopted f o r the t h e o r e t i c a l l i n e . 
The measured Poissons r a t i o i n the f i b r e d i r e c t i o n .is p l otted 
against measured f i b r e volume f r a c t i o n i n Figure- 19. Values of ^ 
greater than 0.5 have been dismissed as being u n l i k e l y to occur i n 
a homogeneous composite,- although values greater than t h i s may be 
possible i n a d i f f e r e n t plane of the material. A range of values 
for a 60% carbon f i b r e composite, from a v a r i e t y of other sources i s 
also shown. The t h e o r e t i c a l curve i s based on values assumed i n Table 
,8, using the r e l a t i o n 24. I t i s noticeable that a high degree of 
scatter i s presen-fc, p a r t i c u l a r y i n the lower volume f r a c t i o n specimens 
from the- flange region of the section. The areal analysis- of the 
cross-section-at these regions, suggests that l o c a l i s e d voids may be 
present, which may contribute to the anomalous behaviour of the 
material under tension. The values assvuned for the Poissons r a t i o of 
the f i b r e are s i m i l a r and as suggested by Wadsworth and Hutchings (81), 
r e s u l t i n a near constant value of varying f i b r e f r a c t i o n s . 
Figure 20 shows the v a r i a t i o n of longitudinal shear modulus, 
v/ith f i b r e volume f r a c t i o n . A range of r e s u l t s from other experimenters 
i s indicated for a 60% f i b r e volume f r a c t i o n composite. The r e s u l t s 
from the s t a t i c test method of Reference 82, and the ultrasonic 
resonance method of Reference 83, are also shown for comparison. A 
th e o r e t i c a l curve, based on equation 25," and the assumed properties 
of Table 8 i s also given. The s t a t i c test r e s u l t s of Reference 82, 
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appear to be consistant with other workers and the t h e o r e t i c a l 
predictions. Tne drop o f f i n modulus f o r higher volume f r a c t i o n s 
may however be associated with a hign degree of f i b r e contiguity 
r e s u l t i n g i n a poor shear transfer mechanism. The r e s u l t s from the 
present work appear to be consistent with th e o r e t i c a l predictions 
which tend to underestimate the shear moduli, suggesting that higher • 
component shear moduli could have been adopted f o r the computation. 
I t i s noted again, that more scatter i s present i n r e s u l t s from the 
flange region of the section, v/hich may be s i m i l a r l y attributed to 
the degree of voidage i n these regions. 
The v a r i a t i o n of transverse modulus E^^ with f i b r e volume f r a c t i o n 
i s shown i n Figure 21. A t h e o r e t i c a l curve, based on equation 25, 
shows very good agreement with the measured r e s u l t s . This indicated 
tnat the property i s benavmg as theory suggests, and that the choice 
of constituent properties has been p a r t i c u l a r l y f o r t u i t o u s . The 
range of r e s u l t s , presentea by other workers f o r 60% f i b r e volume 
f r a c t i o n composites;', v/ould suggest that the measured values are 
higher, than to be expected. 
3.5 Conclusions 
I t has been shown that, the mechanical properties of the pultruded 
channel section, are not constant around the cross-section. The 
p r i n c i p a l moduli of the flange are s i g n i f i c a n t l y lower, than those of 
the web, and are seen to be controlled by the lower f i b r e content, and 
the presence of voids i n the flange region. The v a r i a t i o n of properties 
with the measured f i b r e f r a c t i o n compares favourably v/ith that 
predicted by the Hal-pin - Tsai equations, although no account of void 
f r a c t i o n , or f i b r e contiguity has been included i n these, predictions. 
Experimental r e s u l t s show a high degree of scatter, p a r t i c u l a r l y 
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f o r specimens from "che flange region. Furthermore, there i s an 
apparent recoveiry of the material property, as the f i b r e voiume 
f r a c t i o n f a l l s below 56%. This trend cannot be explained by present 
theory, bur may be controlled by the degree of inhomogeneity of the-
material. I t i s noted, however, tnat the average material properties 
f o r the flange plotted at the average f i b r e volume f r a c t i o n f o r that 
region compare more favoux-abiy with t h e o r e t i c a l predictions. These 
average properties w i l l , therefore, be u t i l i s e d i n any attemps to 
describe the mechanical oehaviour of the complete section.. The 
resultant properties f o r the flange and the v;eb are shown i n Table 
9 which includes values assumed f o r the t h e o r e t i c a l prediction of 
s t r u c t u r a l behaviour presented m the following chapters. 
The methods aescribed f o r the evaluation of the above, mentioned 
properties have proven to be s a t i s f a c t o r y v/ithin c e r t a i n l i m i t a t i o n s . 
The use of r e s i s t i v e s t r a i n gauges to monitor surface- s t r a i n s i s 
acceptable, provided that, a low d r i v i n g current is. used i n order -co 
minimise l o c a l heating e f f e c t s . Furthex'm.ore, the gauge must be 
accurately aligned . owing to the high degree of anisotropy of the 
composite material. F i n a l l y gauges with the minuraiom c r o s s - s e n s i t i v i t y 
should be used, p a r t i c u l a r y f o r Poissons r a t i o determina"Cion. In view 
of the d i f f icul-cy encountered i n s t r a i n gauge bonding and-alignment.:on the 
highly d i r e c t i o n s e n sitive material,, i t i s recommended th^trtest"me.tho.ds which 
derive:.mechanical: properties from .overall s t r u c t u r a l behaviour, such 
as that used f o r the measurement of the l o n g i t u d i n a l shearr.mo.dulus, 
be used i n preference to bonded s t r a i n gauges wherever possible. This 
i s par-cicularly s t r a i g h t forward i f f l a t pla-ce, specim.ens oi reasonable 
proportions are a v a i l a b l e . In the present study the l i m i t a t i o n of small 
dimensions in.the transverse f i b r e d i r e c t i o n of the available material 
was particulax-y r e s t r i c t i n g and s t r a i n gauge techniques had to be adopted. 
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TABLE 9 
Summary of Average Section Properties 
Property . Web • 
E^^(GN/m2) 239 
E^^mM^) 9.75 
G^ ^^ GN/m^ ) 5.5 
• 0.381 
(cTyj^^) (MN/m^ ) 712 
(a.,^ „) (MN/m^ ) 16.01 
(%) 64.1 
Flange Assumed Val 
199 210 
8.74' 10 
" 4.2 5 
0..272 0.34 
13.72 
54.5 
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CHAPTER IV 
THEORETICAL CONSIDERATIONS 
4.1 The Local I n s t a b i l i t y of Orthotropic Thin-walled Columns 
4.1.1 An Estimate of the Buckling C o e f f i c i e n t 
I t has been shown i n reference 29 that the l o c a l i n s t a b i l i t y 
behaviour of a, simply supported orthotropic plate can be: r e a d i l y 
obtained from the behaviour of the corresponding i s o t r o p i c plate. 
The minimum value of the plate buckling c o e f f i c i e n t , K . for the 
mm 
simply supported plate can be obtained from the r e l a t i o n 
^min = ^ ( 1 . 5) (26) 
where ? i s a dimensionless r a t i o of the p r i n c i p l e plate r i g i d i t i e s 
and K i s the plate buckling c o e f f i c i e n t defined as 
and the p r i n c i p l e plate r i g i d i t i e s are defined as 
E^t^ E,t^ 
D, = .^,7 .. .. . D„ = 
1 12(1-a;;jV2) 2 ~ 12(1 -V^V^) 
Gt^ 
°k = 12 °3 = V 2 ^ 2 D j ^ 
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The minimum plate buckling c o e f f i c i e n t f o r a range of i s o t r o p i c 
s t r u c t u r a l sections has been presented i n reference- 39 i n the form 
of curves of K . f o r the web of the section against the flange/web 
mm 
r a t i o , X^' For open sections, i t may be observed that as the r a t i o X2 
tends to zero, the value of K . approaches that f o r the simply 
mm 
supported p l a t e . The r a t i o 5. f o r an i s o t r o p i c plate i s unity since 
a l l three p r i n c i p a l r i g i d i t i e s are equal i n t h i s case. Therefore 
the minimum value of the plate buckling c e o f f i c i e n t f o r the simply 
supported isotropic- plate i s 4 as indicated by equation .26 . Thus 
for simply supported orthotropic plates the minimum plate buckling • 
c o e f f i c i e n t i s obtained from the r e l a t i o n . 
To give an estimate of the buckling c o e f f i c i e n t f o r s t r u c t u r a l 
sections t h i s expression- may be used to produce curves of (K . .) ,^ 
mm ortho 
against X ^ from the exact curve f o r the corresponding i s o t r o p i c 
section. The r e s u l t i n g curves are demonstrated i n Figure 22 f o r a 
simply supported channel section. C l e a r l y , t h i s method can only be 
used for open sections where,-as X2 tends to zero, the s o l u t i o n tends 
to that f o r the simply supported p l a t e . For rectangular tube sections 
i t may be observed that the s o l u t i o n for K . as X„ tends to zero 
mm (d. 
approaches the solution f o r a single plate clamped along the unloaded 
edges. I t has been shown i n reference 28 that the minimum value of 
the buckling c o e f f i c i e n t f o r an ortho. t r o p i c plate with simply supported 
loaded edges and r i g i d l y clamped sides i s given by 
^min = 2.67(1.73 -J- C) (28) 
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Thus, the buckling c o e f f i c i e n t curves for orthotropic retangular 
tubes can be derived approximately from.the r e l a t i o n 
fK ) - 2.67(1.73 + ) (29) 
^ min'ortho ~ 7.29 ^ min^iso 
This r e s u l t i s demonstrated i n Figure 23 f o r a range of ? values. 
The method was f i r s t suggested by Hewson (85) for obtaining the 
minimum, plate buckling c o e f f i c i e n t s f o r u n i d i r e c t i o n a l GRP channel 
section columns. The mechanical properties of t h i s material are such 
that has a value of about 0.8. As a r e s u l t the. estimated buckling 
curve for the GRP section remains close to the exact i s o t r o p i c curve 
and errors i n t h i s case are l i k e l y to be l e s s than 5%. I t would be 
i l l advised however to assume such accuracies f o r highly orthotropic 
materials such as CFRP without further i n v e s t i g a t i o n . 
4.1.2 An Exact Solution f o r the Buckling C o e f f i c i e n t 
I t has been shown i n Appendix I I I that the analysis for i s o t r o p i c 
s t r u c t u r a l sections composed of plates joined at a common junction 
presented i n reference 38 i s equally applicable to orthotropic 
s t r u c t u r a l sections. The r e s u l t i n g determinantal equation cannot be 
solved d i r e c t l y and some form of i t e r a t i v e method i s best employed to 
obtain the c r i t i c a l loads for a section. A computer .programme, has been 
written to obtain solutions f o r the c r i t i c a l loads and i s outlined i n 
Appendix VII. 
Owing to the generality of the solution procedure a series of 
thin^walled sections have been investigated. These, include rectangular 
tubes, p l a i n I sections, and channel and Z sections and are shown i n 
Figure 24 with, t h e i r corresponding buckled forms. 'i?he symmetry axes 
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Fig. 24 Flat plate st ructures and buckled shapes 
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of the cross-sections are also indicated i n t h i s figure- showing the 
r e s u l t i n g common junction configurations. The solution f o r these-
sections i s obtained from -the following expressions (using the 
notation of Appendix I I I ) : 
Channel and Z sections 
I sections 
^h^l ^ t #^^2 = ° (31) 
2 
Rectangular tubes 
(f)Sy^ + -i- (§)Sy2 = 0 (32) 
As a preliminary i n v e s t i g a t i o n , equation 20 v/as solved f o r two 
materials, aluminium and CFRP., f o r a range of flange/web r a t i o s , X^ -. 
The r e s u l t s are shown i n Figures 25 and 26 respectively and are presented 
as graphs of the plate buckling c o e f f i c i e n t f o r the web, K^,.against 
an adjusted web length/width r a t i o n , if;^, v/here 
2^ 
and.- = ^^^^ 
90 


The values o f p r i n c i p a l plate r i g i d i t i e s and Poisson's r a t i o s 
used to generate these r e s u l t s are given below. 
Aluminium 
= = = 120 Nm V = 0.3 
CFRP 
= 250 Nm = 12.5 Nm = 15 Nm- = 0.34 
The buckling c o e f f i c i e n t curves f o r both materials•show the 
f a m i l i a r garland form t y p i c a l of f l a t plate configurations. Each 
trough i n the curves corresponds to the structure buckling i n t o a 
given- number of h a l f waves along i t s length. For simply supported 
columns the f i r s t trough, corresponding to low values of 
represents a buckled shape of one half-wave. The number of half-waves 
increases by one f o r each trough as the r a t i o ip^ increases. Each 
trough i n a given curve has a. common value of at i t s minimum point 
which w i l l be referred to as K . . Values of K . from Figure 25 
min mm ^ 
plotted against X2 are i d e n t i c a l to those presented i n reference 38 
for i s o t r o p i c channel sections. 
The computer programme .used to obtain these garland curves has 
been modified to give the minimum values of each curve and plots of 
^min S^^ -'^ "^ * 2^ have been produced d i r e c t l y f o r a range of cross-
sections and materials. The r e s u l t s f o r channel and Z sections, I 
sections and rectangular tubes are presented i n Figures 27, 28 and 29 
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respectively. The material properties have been described i n terms 
of the dimensionless r a t i o of the p r i n c i p a l plate r i g i d i t i e s 5. 
The values of p r i n c i p a l plate r i g i d i t i e s and Poissons' r a t i o s 
used to generate these curves are given i n Table 10. These properties 
have been c a r e f u l l y chosen such that the r a t i o 5. varies between 0.2 
and i i O i n equal increments of 0.2. Furthermore the properties have 
been based where possible on published mechanical properties of various 
materials. Thus, although, the plate r i g i d i t i e s are independent of one 
another and t h e o r e t i c a l l y any combination, of values i s possible, the 
values used i n the computations are at l e a s t r e a l i s t i c . 
Inspection of Figures 27 to 29 suggests that the minimum buckling 
c o e f f i c i e n t f o r a given flange/web r a t i o of a column i s d i r e c t l y 
related to the dimensionless r a t i o 5 . That i s to say that f o r a 
given equal increments of ? r e s u l t i n constant increments i n K . . 
^ mm 
Using t h i s observation the curve for- C = 0 has been included i n the 
figures by subtracting the average difference between curves f o r a 
given ^2 f^om the r e s u l t s f o r ? =0.2. Although t h i s r e s u l t does not 
represent a p r a c t i c a l material, i t can be used to simplfy the 
presentation of r e s u l t s . By including only the minimum buckling 
c o e f f i c i e n t curves f o r ? = o and ? = 1 i n the figures then a very 
good approximation to the minimum buckling c o e f f i c i e n t f o r any material 
may be obtained by l i n e a r interplolation between these curves i n terms 
of • 5. 
This method appears to give very accurate r e s u l t s f o r the material 
properties given i n Table 10. I t has been suggested however that the 
p r i n c i p a l plate r i g i d i t i e s are independent and any combination i s 
possible i f not p r a c t i c a l . In order to test the suggested i n t e r p o l a t i o n 
procedure the minimum buckling c o e f f i c i e n t has been investigated f o r 
i; 
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TABLE 10 
Properties used to generate Buckling Curves of Figures. 27 to 29 
°1 °2 ^1 ^1 
(Nm)" (Nm) (Nm) (Nm) 
120 120 120 42 0.3:: 0.3 1.0 
65 50 45.6 15.3 0.3 0.231 0.8 
100 42.25 39 13.16 0.3 0.125 0.6 
200 40.5 36 11.93 0.3 0.061 0.4 
400 25 20 6.25 0.3 0.019 0.2 
TABLE 11 
Properties used to generate Buckling Curves of Figure 34 
^1 °2 °3 ^1 ^1 
(Nm) (Nra) (Nm) (Nm) 
250 2.713 6.51 2.848 0.3 0.0033 0.25 
150 6.51 15.625 6.836 0.3 0.013 0.5 
75 7.324 17.578 7.69 0.3 0.0293 0.75 
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tv/o channel sections with a constant ? r a t i o of 0.5 but with greatly 
d i f f e r i n g plate r i g i d i t i e s c o nstituting that ratio.. The r e s u l t s are 
shown i n Figure 30 and c l e a r l y indicate, that the minimum buckling 
c o e f f i c i e n t f o r the section may vary considerably f o r a constant 
value of the r a t i o 5. The mechanical properties used i n the 
computations are shown inset on the f i g u r e . The d i s p a r i t y i n the 
curves for constant ?. suggests that the l i n e a r i n t e r p o l a t i o n method 
should be treated with some caution although t e s t cases suggest that 
only small errors are introduced f o r p r a c t i c a l materials. 
4.1.3 The Form of the Buckling C o e f f i c i e n t 
I t has been shown i n Reference 39 that simple approximation 
to the deflected form of buckled plates can be used to give speedy 
and reasonably accurate r e s u l t s f o r the plate buckling problem using 
an energy method, i f these simple d e f l e c t i o n functions are used i n an 
energy analysis f o r s t r u c t u r a l sections then large errors may be 
introduced. More complicated d e f l e c t i o n functions have been derived 
i n References 31 and 32, however, which give r e s u l t s from an energy 
method within 1% of the exact solutions f o r i s o t r o p i c s t r u c t u r a l 
sections. The deflected shape i n the transverse d i r e c t i o n f o r 
rectangular tube sections was described by a combination of a sine 
wave and a c i r c u l a r arc i n these references. The d e f l e c t i o n function 
for the flanges of channel and I sections was given by the combination 
of a s t r a i g h t l i n e and the deflected shape of a c a n t i l e v e r r e s u l t i n g i n 
a f i f t h order polymomial expression. The c o e f f i c i e n t s of such expressions 
were evaluated by minimising the r e s u l t i n g buckling c o e f f i c i e n t f o r the 
section. Such complicated transverse d e f l e c t i o n functions are not 
warranted f o r t h i s i n v estigation since an exact analysis f o r the 
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sections has already been presented. The method would be p a r t i c u l a r l y 
useful however f o r investigating the behaviour of s t r u c t u r a l sections 
subjected to end conditions, other than simple supports where the 
method of section 4.1.2 i s not applicable. I t i s proposed i n t h i s 
section to use simple d e f l e c t i o n functions to investigate the form of 
the buckling c o e f f i c i e n t f o r s t r u c t u r a l sections and to obtain an 
understanding of i t s dependence upon the p r i n c i p a l plate.- r i g i d i t i e s . 
I t has been shown i n Appendix VIII that the buckling 
c o e f f i c i e n t f o r a s t r u c t u r a l section may be described by the equation 
where C^, and are constants dependant on the constituent plate 
widths and the assumed transverse deflection-functions. By 
d i f f e r e n t i a t i n g w . r . t . e q u a t i n g the r e s u l t to zero,, rearranging and 
back s u b s t i t u t i n g an expression f o r the mi-himum value of the buckling 
c o e f f i c i e n t i s obtained as 
The struc-fcural sections under consideration are composed of two 
types of plate; webs simply supported along both, longi-fcudinal edges, 
and flanges simply supported along one edge and free along the other. 
The condition of simple support along the commOn junction i s not exact 
since each plate w i l l o f f e r some res-fcraint upon another at the junction. 
The approximation however r e s u l t s i n simple -transverse d e f l e c t i o n 
functions and the analysis f o r the form of the buckling coefficien-t 
i s made considerably easier. 
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The d e f l e c t i o n function of a web i s assumed to be 
Try irx 
w = A s m 'if- sm — ^ 
w w b a 
W' 
(35) 
and that f o r a flange i s 
" f = ^ f ^ — (36) 
Substituting i n t o the expressions f o r the constants C^, and 
given i n Appendix VIII r e s u l t s i n the following 
Channel and Z sections 
C„ = 
1 + 4/3Tr^X2^ 
C„ = 2 
(37) 
(1 + 4 / 3 ir^ ) 
I sections 
C„ = 
1 + S/Sir^X^^ 
(38) 
C., = 2 
^1^2 2Dj^  I6X2 \ 
(D.D^)^ 
(1 + 8 / 3 T r ^ x / ) 
\ 
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Rectangular tubes 
1 
1 + X, 
c 
1 + X, 
C„ = 2 '°1^2 + ^ \ 
L ( ^ 2 ^ 
(39) 
•1 + X, 
1 + X 2 J 
These r e s u l t s have been used i n equation 34 to produce curves 
of K^ji^j^ vs X-2 f o r a range of materials. The curves are plotted i n 
Figures 31 to 33 f o r channel and; Z sections, I sections and rectangular 
tubes respectively. The mechanical properties, used f o r the computations 
are those given i n Table 10. Comparison of Figures 3:.l to 33 with the 
corresponding curves from the exact analysis given i n Figures 27 to 29 
indicates that the energy method using simple d e f l e c t i o n assumptions 
tends to over estimate the buckling coeffficient. The exception to 
t h i s occurs f o r channel, Z and I sections as •tend to zero where 
res u l t s from both methods are i d e n t i c a l and correspond to the 
solution f o r a simply supported pl a t e . For rectangular tubes the 
two methods give i d e n t i c a l r e s u l t s f o r \^ equal to unity where the 
constituent plates behave as i f simply supported along the common 
junctions- and the assumed transverse d e f l e c t i o n function used i n the 
energy analysis i s correct. I t i s also seen that f o r . a l l sections 
considered the v a r i a t i o n i n K . with C f o r a given X greater than 
ram 2 ° 
0.4 i s very s i m i l a r i n both methods. This suggests that the dependence 
of K^^j^ on ? given by the energy method cl o s e l y represents the true 
dependence suggested by the exact analysis. 
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, (energy method) 
I t i s seen from equations 37- to 39. that only the constant 
C I s dependent on the mechanical properties of the constituent plates. 
Thus, as the degree of orthotropy of the plates increases,.-the constant 
C. tends to zero and K . becomes a function of alone. C l e a r l y , i f 3 mm d. 
the method of l i n e a r i n t e r p o l a t i o n suggested i n the previous section 
i s to be applicable, the constant C.. must be d i r e c t l y proportional 
to 5. Equations .37 - to -39 suggest that t h i s i s only true f o r 
rectangular tubes. For channel and Z sections the constant C f o r 
the general orthotropic material may be written 
^S^o r tho - ^ 
8D, 
(D.D^) 
/ 1 4 .2 ^ 3. /(I + 3 TT X2 ) (40) 
For the i s o t r o p i c case when ? i s equal to unity t h i s becomes 
^ S ^ i s o = ^ 1 + 4(1- V) X, (41.) 
I f l i n e a r i n t e r p o l a t i o n i n terms of 5 i s used to evaluate the buckling 
c o e f f i c i e n t from curves for - 5 = 0 and C = 1 then the error i s given by. 
nC3 ~ ^S^ortho " ^ ^ V i s o 
which r e s u l t s i n 
nc. 
= 8 
D^V^ (V-1) + 2V -Q^ 
(D^D^) 
X 2 / ( a . f X / ) (42) 
I f Poisson's r a t i o f o r an i s o t r o p i c material i s taken as 0.3, then 
the error tends to zero as the value of D, approaches that of — D. -v _. 
K 6 1 2 
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This result..suggests that l i n e a r i n t e r p o l a t i o n w.r.t ? may be used to 
obtain the buckling, c o e f f i c i e n t f o r channel and Z sections-to give a 
f i r s t approximation. I f however the'value of D^^ f o r the structure 
7 i s greatly d i f f e r e n t from that of — Vo then an adjustment to the 
D i <i 
interpolated r e s u l t should, be made by the addition of the error 
term given i n equation .42 . 
The method has been investigated f o r channel and Z sections and 
the r e s u l t s are shown i n .Figure 34. Three values of 5 have been used 
with t h e i r corresponding mechanical properties chosen such that the 
plate -twisting r i g i d i t y , i s three times greater than the quantity 
7 
•Q i n each case. The p r i n c i p a l plate r i g i d i t i e s and Poissons 
r a t i o s are given i n Table 11. Three method's have been used to obtain 
the curves of Figure 34. The continuous curves were derived using 
the exact method given i n section 4.1.2. Linear i n t e r p o l a t i o n w.r.t 
C be-tween the exact curves f o r the i s o t r o p i c case (C = 1) and the most 
orthotropic case (5 =0) from Figure 27 r e s u l t s i n the dashed 
curves. Adding the error term of equation 42 to the interpolated 
re s u l t s gives values indicated by the crosses. I t i s seen from these 
r e s u l t s that the method of l i n e a r i n t e r p o l a t i o n w.r.t ? gives errors 
i n K^ji^^ of up to 15% whereas the maximum error incurred by including 
the adjustment given by equation 4.2 i s only 3%. I t i s u n l i k e l y 
that such exaggeration of mechanical properties as used here would 
occur i n practice but the exercise does indicate how l i n e a r i n t e r p o l a t i o n 
with an adjustment can give good approximation to the buckling 
c o e f f i c i e n t even i n extreme cases. 
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I t i s suggested that a s i m i l a r procedure may be applied to I 
7 
section columns, where, i f the values of Dj^ and QO^^ are greatly 
d i f f e r e n t then an adjustment should be added to the interpolated 
r e s u l t which i s given by 
\ 3 = 16 •X / ( I + S^rSx 3 (43) 
4.1.4 The Buckling Coefficient f o r Structural Sections with BuiH:-in 
Ends 
The preceding sections have shown how the buckling c o e f f i c i e n t 
for orthotropic s t r u c t u r a l sections with simply supported end conditions 
may be obtained using a variety of methods. Of these sol u t i o n 
techniques, the energy method can best be used to obtain solutions for 
sections with b u i l t - i n end conditions. The accuracy of t h i s method i s 
however dependent on the correctness of the assumed deflected shape 
of the section and the simple transverse d e f l e c t i o n functions used i n 
section 4.1.3 would not y i e l d s a t i s f a c t o r y r e s u l t s . 
I t i s generally observed however that fo r sections of p r a c t i c a l 
lengths the buckling c o e f f i c i e n t f o r r i g i d l y clamped and simply 
supported sections approaches K . , the minimum buckling c o e f f i c i e n t 
mm • 
for the simply supported section. For design purposes, the use of 
K . for the buckling c o e f f i c i e n t of sections subject to any conditions mxn ~ o o J 
of end r e s t r a i n t i s always safe. I t i s however worth noting the degree 
of conservatism produced by such assumptions when used with highly 
orthotropic materials. 
Consider the garland curve for a simply supported i s o t r o p i c 
channel with a flange/web r a t i o , X2 equal to unity shown i n Figure 25. 
I t i s seen that, f o r a column length greater than f i v e times the width 
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o f the web, the percentage errror i n by assuming K^ ^^ ^^  i s a maximum 
of about 3%. For the equivalent orthotropic (CFRP) column, Figure 26 
indicates that,, f o r a column length greater than five, times the web 
width, the percentage error i n by assuming K^ ^^ ^ may be as much as 
15%. C l e a r l y , the accuracy obtained for the i s o t r o p i c section can 
only be achieved for much longer sections when considering highly 
orthotropic materials. This equally applies to columns with b u i l t - i n 
end. conditions v/here the r e l a t i v e error i n i s considerably greater 
than for the simply supported case. 
In order to estimate the plate buckling c o e f f i c i e n t for the b u i l t -
i n column i t i s possible to use a method f i r s t proposed by W i t t r i c k (86). 
This work was. concerned with the. l o c a l i n s t a b i l i t y of single plates 
subject to a va r i e t y of end and side conditions. W i t t r i c k suggested 
that the buckling c o e f f i c i e n t curve for a plate subject to b u i l t - i n 
end conditions and any side r e s t r a i n t could be.readily obtained, from 
the buckling c o e f f i c i e n t curve for the plate with the same side 
conditions but simply supported ends. The assumptions for t h i s method 
to hold are that the plate buckling mode can be described by 
w = F(Y) G(X) 
where 
a 
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and that the function F(Y) describing the transverse d e f l e c t i o n of the 
plate i s independent of the plate side r a t i o . The l a t t e r assumption 
i s not s t r i c t l y true since the transverse d e f l e c t i o n i s a function, of 
.K^  and ip^, but the method has been shown to give very r e l i a b l e r e s u l t s 
despite t h i s inaccuracy. 
W i t t r i c k used a single diagram to describe the i n s t a b i l i t y of 
plates subject to a variety of end conditions and any side conditions 
i n terms of the buckling c o e f f i c i e n t and wavelength of an i n f i n i t e l y 
long plate. The-curve for simply supported plates and r i g i d l y clamped 
plates have been reproduced from Reference (86) i n Figure 35. The 
modified buckling c o e f f i c i e n t K and length r a t i o i|; used i n t h i s 
diagram are defined i n Reference (86) as 
K* = ( K - K . ) i i > . ^ + 4 
mm ^mm 
(44) 
where ^^^^ i s the miinimum buckling c o e f f i c i e n t of the simply supported 
plate and i s the value of i|; - corresponding to K^^^ f o r the plate 
buckling into one half-wave. 
Now, equation 33, derived in'Appendix V I I I , indicates that the 
buckling c o e f f i c i e n t for a column i s defined by the quantity ) and 
1 
three constants for the section C^, and which are seen to-be 
independent of the length ratio'I'^. This corresponds to the argument 
proposed for the single plate i n Reference (86). Thus having determined 
^min '^^ •'''min ^ section by observing the r e l a t i o n s 44, Figure 35 may 
readily be used to obtain the buckling c o e f f i c i e n t f o r the simply 
supported or r i g i d l y clamped column. 
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The minimum-buckling c o e f f i c i e n t , ^^ ^^ ^ can be obtained from 
Figures 27, 28 and 29 f o r channel, and Z sections, I sections and 
rectangular tubes respectively f o r any orthotropic material. The 
quantity ^^^j^ has been plotted against the r a t i o X^ f o r these sections 
i n Reference (39) f o r i s o t r o p i c materials. Inspection of Figures 25 
and 26 suggests that the quantity ^ ^ ^^ ^ i s a constant for a given cross, 
section and independent of K^. Thus, '^he'}'^^^ against X-^  curves of 
Reference (39) are applicable to orthotropic structures providing the 
corrected l.ength r a t i o , ip^ given by 
i s used to enter the curves. The ^^ ^^ ^ against X^ r e l a t i o n for a 
uniform channel section has been derived from the r e s u l t s of section 
4.1.2 and i s plotted i n Figure 36. This curve i s seen to correspond 
exactly to the r e s u l t s f o r a uniform channel section presented i n 
Reference (39). Thus, using the r e s u l t s of Figures 27 and 36 i n 
Figure 35 v i a the r e l a t i o n s 44 gives the buckling c o e f f i c i e n t f o r an 
orthotropic channel section subject to simply supported or b u i l t - i n 
end conditions. The error i n from t h i s method i s not l i k e l y to 
exceed 5% and i s an upper bound since i t i s derived from an energy 
method. The method has been used to give a comparison with r e s u l t s 
from a f i n i t e element analysis of the buckling of orthotropic channel 
sections i n chapter V. 
4.1.5 The Buckling Coefficient for Orthotropic Columns including .the 
Effects of Transverse Shear 
The t h e o r e t i c a l considerations presented i n the previous sections 
have been derived using the basic assumptions of c l a s s i c a l t h i n plate 
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l i s 
theory. These are namely; normals to the mid-plane- of a plate 
remain undeformed and normal to that plane during bending of the p l a t e ; 
and the stresses normal to the mid-plane are n e g l i g i b l e . For highly 
orthotropic materials where the shear modulus can be considerably less 
than the t e n s i l e modulus i n a given d i r e c t i o n , then s i g n i f i c a n t shear 
deformation may occur during bending so that the assumption of 
undeformable normals i s no longer v a l i d . Furthermore,, i t has been 
shown that owing to the nature of f i b r e reinforced materials, i t i s 
d i f f i c u l t to manufacture t h i n s t r u c t u r a l sections of acceptable 
q u a l i t y . Thus the e f f e c t of both normal stresses and shear stresses 
through the thickness of a plate i s l i k e l y to be s i g n i f i c a n t when 
considering the behaviour of s t r u c t u r a l sections composed of such 
materials as u n i d i r e c t i o n a l GFRP. I t has been shown by Ambartsumyan-
(87) however that the exclusion of the e f f e c t of normal stresses on 
the d e f l e c t i o n of a t h i c k simply supported plate subject to a 
sinusoidal load does not introduce s i g n i f i c a n t errors. The example 
quoted i n Reference (87)-is f o r an i s o t r o p i c square plate with a 
thickness one t h i r d of i t s width for v/hich a precise s o l u t i o n i s given 
by Vlasov (88). I t i s shown that c l a s s i c a l thin, plate theory gives 
an error of about 35% i n t h i s case whereas consideration of transverse 
shear stresses alone -results i n an error of about 6% and the i n c l u s i o n 
of normal stresses i n the analysis r e s u l t s i n an error of 0.2%. Such 
exaggera-ted thickness/width' r a t i o w i l l not be encountered i n t h i s work 
and, since the contribution of transverse shear stresses i s more 
s i g n i f i c a n t for the highly orthotropic materials being considered, i t 
i s proposed to ignore normal s-fcresses i n the analysis. 
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i n order to consider the e f f e c t of transverse shear stresses on 
the i n s t a b i l i t y of orthotropic plates the following assumption w i l l be 
made i n addition to neglecting the normal stresses; the shear stresses 
through the thickness of the plate and the corresponding deformation 
may be described by a given law w.r.t the plate thickness. This 
assumption has been used i n Reference (87) to develop an analysis f o r 
the generally orthotropic plate to include the effects of transverse 
shear. I f has been shown i n t h i s reference that an a r b i t r a r y 
s e l e c t i o n of the function f(Z) used to describe the d i s t r i b u t i o n of 
shear stresses through the thickness of the- pla:te does not introduce 
inadmissible errors although i t may be argued that a parabolic 
d i s t r i b u t i o n i s most r e a l i s t i c . For s i m p l i c i t y a d i s t r i b u t i o n given 
w i l l be used throughout. 
I t can then be shown that the s t a b i l i t y of an orthotropic plate 
including the effects of transverse shear can be described by the 
following system of d i f f e r e n t i a l equations 
by 
f(Z) = % - (45) 
0 (46) 
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B 
^3 - 3-3 
11 - 3 - ( ^ 2 > 2 V — 2 , 
3x^ 3x3.y _ 
w _ 
10 
3^ . 2 32^" 
5 5 ' 1 1 2 66 2' 
3x 3y 
^44^ 1 2 66' 3x3y •4'= 0 
^2 2 7 3 ' (^12 ^ 2B,g) — ^ 
3y 3y3x _ 
w - (46) 
10 - 4 4 ( ^ 2 2 7 2 ' ^66 7 2 ^ ^ - - 5 5 ( ^ 1 2 ^66^ 1 ^ 
3y 3x 
+i> = 0 
where 
=^ 44 
44 
55 ~ B 
55 
and 
<J> and t|; are a r b i t r a r y fimctions of the plate co-ordinates x and y which 
describe the v a r i a t i o n of the shear d i s t r i b u t i o n around the plate. 
Definitions f o r the p r i n c i p a l plate r i g i d i t i e s D.. are given i n 
Appendix I I . 
For a plate simply supported on a l l edges, the following boundary 
conditions may be applied to equation (46) 
at X = 0 and x = a 
w = 0, M = 0 , i|»=0 
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at y = 0 and y = b 
w = 0, M = 0, ^ . = 0 
The so l u t i o n becomes 
w (x,yy = A s i n S s i n ™ 
3, D 
4>(x,y) = B cos s i n (47) 
3, D 
tf;(x,y) = C s i n 5 ^ cos ^ 
^ • a b 
where A, B and C are constants and nf and n are integers describing 
the number of half-waves of the buckled plate i n the x and y > 
directions respectively. 
Substituting f o r w, (j> and \\i from 47 into 46 r e s u l t s i n a system 
of algebraic equations in; the three undetermined constants. Equating 
the determinant of t h i s system to zero gives an expression f o r the 
c r i t i c a l load P* which may be written 
P* = dP^^.^ (48) 
where P^^^^^j. i s the c r i t i c a l load f o r the plate determined from c l a s s i c a l 
t h i n plate theory and d i s a multiplying factor to account f o r the eff e c t 
of transverse shear. The factor, d defined by 
^ 1 + G , , 
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where 
2 2 
r, TT t / /ni>2 /n,2. 
66 'b' " 6 6 ' a 22 'b' 12 66' 'ab' 
\l y 2 ^ ^ 2 2Bg^ -^  (ib) ^^22 
(50) 
H = ^ -^ 
10 
4.4 
^44 ^ 55 ^ 100 
/in,2 _ /n,2, ,„ ,m,2 _ /n,2v 
<SU<I' * «66'b' ' '^SS*!' * =22 <b' ' 
<»12 - »66'' < f 
These r e s u l t s may now be used to investigate the v a r i a t i o n of the 
factor d with the thickness and degree of orthotropy of a simply 
supported p l a t e . 
Consider a simply supported orthotropic plate buckling, i n t o one 
half-wave i n both x and y directions i . e . m and n are equal to unity, 
The minimum plate buckling c o e f f i c i e n t , K . occurs when the corrected 
mm 
side r a t i o f o r the plate t|j , is. equal to unity. Thus the pl a t e 
dimension i n the x d i r e c t i o n corresponding to K^ji^^ i s given by 
a = b ( ^ ) ^ (51) 
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Substituting 51 into 50 and noting that m and n are equal to unity 
gives the following expressions f o r G and H 
""^W^P A4 5^7^  ^55^ 
D o 1, D o 1 / 
D o V 
^11 (§7) ^ 2(^12 - ^66> (57)^  - ^22 
" - 10 
D o 1. D o V 
-55(^11 (DJ^''^ - 6^6^  - -44(^66 ^ ^22^ 
(52) 
U . ,tx4 
4^4 ^55 100 ^b^ 
D o 1 / D o V • 
(B,,(-^)^ + B,,) {B^J-S/' + -l l ' D , 66' ' 66'D. 22' 
P °P y 
(^12 
From these r e s u l t s i t i s clear that the factor, d-. i s a fionction of the 
r a t i o (•^) and of the p r i n c i p a l e l a s t i c constants f o r the pla t e . 
In order to investigate the dependence of the fa c t o r , d on the 
r a t i o ^ and the r a t i o of plate r i g i d i t e s , C, a series of curves of d 
against — have been plotted using, r e l a t i o n 49 and 52 f o r constant 
values of 5. The r e s u l t s are shown i n Figure 37 where l i n e s 
corresponding to values of ? between 0.2 and unity have been plotted. 
This figure has been developed f o r the transversely i s o t r o p i c plate 
with the plane of isotropy normal to the mid-plane of the plate i . e . 
i n the 2 - 3 plane. This case represents that of a unidirectional, 
f i b r e reinforced composite plate with the f i b r e s i n the 1 d i r e c t i o n 
(see Appendix I I ) . I t has been assumed that the Poissons's r a t i o 
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i n the plane of isotropy, v„o i s 0.3 f o r a l l materials considered such 
that the shear modulus i n that plane, G „ i s given by 
^23 2(.1+V23) 
The remaining properties used to develop the curves of Figure 37 are 
given i n Table 10. 
I t i s apparent from these curves that, even f o r an i s o t r o p i c 
plate, thickness r a t i o s such as those used f o r sections studied in-
t h i s work r e s u l t i n a correction to the c l a s s i c a l theory of about 5%. 
Clearl y , as the degree of orthotropy increases i . e . 5 decreases, the 
error i n using c l a s s i c a l t h i n plate theory becomes more s i g n i f i c a n t . 
Indeed, for highly orthotropic materials such as u n i d i r e c t i o n a l CFRP 
the required correction may be as much as 10%. 
I t has been suggested i n section 4.1.1 that K . f o r an 
mm 
orthotropic s t r u c t u r a l section varies: with the constituent plate 
properties i n a manner s i m i l a r to the behaviour of a single simply 
supported plate. I t i s thus expected that the correction factor d, 
computed f o r the simply supported orthotropic plate may be applied to 
the buckling c o e f f i c i e n t f o r orthotropic s t r u c t u r a l sections without 
excessive error. Thus the minimum buckling c o e f f i c i e n t f o r an 
orthotropic section obtained from Figures 27, 28 and 29 should be 
multiplied by the factor d, obtained from Figure 37 to obtain a better 
estimate of the buckling stress. 
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4.2 The Overall I n s t a b i l i t y of Orthdtropic Thin-walled Columns 
4.2.1 General Observations 
i t i s shown i n Chapter I I that the length of a channel section 
column defining the change, i n buckling mode ( f l e x u r a l and t o r s i o n a l 
f l e x u r a l ) i s d i r e c t l y proportional to (^11/^^2^ ^' i s o t r o p i c 
section t h i s r a t i o i s a function of Poissons ratio. - alon,e aiid a 
single curve serves to describe the mode boundary with, reasonable 
accuracy. For highly orthotropic materials such as u n i d i r e c t i o n a l FRP, 
the r a t i o of the moduli varies considerably from that of the i s o t r o p i c 
material. The consequence •• of t h i s i s demonstrated i n Figure 38 which 
shows the l o c i of a.^. f o r simply supported aluminium, GRP, and CFRP .-. 
channel sections plotted using the dimensionless quantities P £ andX^* 
I t may be observed that f o r columns of practical-proportions the 
governing mode becomes predominantly t o r s i o n a l - f l e x u r a l with increasing 
orthotrbpy of the section material. 
4.2.2 Consideration of Shearing Forces 
The c l a s s i c a l theory f o r t o r s i o n a l - f l e x u r a l buckling presented 
i n chapter I I does not include the eff e c t of shearing forces on the 
defl e c t i o n of a column. Owing -fco the r e l a t i v e l y low shear modtllus of 
FRP however, i t i s l i k e l y that such shear deflections w i l l be 
s i g n i f i c a n t and w i l l considerably reduce the c r i - t i c a l loads, of FRP 
columns. I t has been shown by Timoshenko (18) that the c r i t i c a l 
load for an Euler column including -the e f f e c t of shearing forces i s 
described by 
. P 
e. 
^ c r * = (53) 
AG^2 
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Fig.3.8 Overall buekling modes for orthotropic channel sect ions (simply supported). 
where i s the c l a s s i c a l Euler buckling load f o r the column,. A i s 
the t o t a l cross-sectional area, and f i s a numerical factor dependent 
on the cross-section geometry. 
For a channel section the factor, f. ..-•for bending inl;the plane 
of the flanges i s given approximately as f = 1.2 A/A^, where A^ - i s 
"the c.s.a of the two flanges. For bending i n the plane of the web 
then f i s approximated by f =A/A^, where A^ ^ i s the c.s-.a of the web. 
Thus i n order to obtain an estimate f o r the t o r s i o n a l - f l e x u r a l 
c r i t i c a l load of a channel section column to indlude the effects of 
shearing forces the forces P^ and P^ from equation 4 should be 
replaced by P^ and P^ . respectively given by 
P y - 1 + 1.2 P 
^ f ^ l 2 '^^"^^ 
•z 1 + P 
z 
w 12 
* * 
where P and P are the c r i t i c a l loads f o r buckling about the y and 
y z 
z axis respectively including the effects of shearing forces. 
I t should be noted that the above r e l a t i o n s are only approximate 
and should not be employed with sections having X2< 0.4 as excessive 
errors w i l l be incurred i n these regions. A more rigorous solution 
may be obtained by considering a more exact derivation of the shear 
factor such as that presented by Cowper (89j ., I t i s f e l t however 
that the simple approximations adopted above v / i l l give r e a l i s t i c 
estimates of the shear e f f e c t s . Relations 51 indicate that the 
magnitude of the correction to the c l a s s i c a l theory i s dependent on 
the r a t i o (E^^^/G^^) and the column length f o r a given cross-section. 
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The maximum reductions i n c r i t i c a l loads due to the consideration of 
shear w i l l therefore occur i n short columns manufactured from highly 
orthotropic materials. This e f f e c t w i l l be demonstrated i n the next 
section. 
4.3 " Design Charts f o r U n i d i r e c t i o n a l CFRP Channel Sections 
The theory r e l a t i n g to f l e x u r a l , t o r s i o n a l / f l e x u r a l and l o c a l 
buckling of thin-walled orthotropic columns has been presented i n 
e a r l i e r sections. I t i s found from t h i s work that i t i s not possible 
to present the r e s u l t s i n the form of a single design chart f o r a l l 
orthotropic materials. Since t h i s work i s prima r i l y concerned with 
the behaviour of u n i d i r e c t i o n a l CFRP channel sections subject to b u i l t -
i n end conditions the p o s s i b i l i t y of producing a single diagram to 
describe the buckling behaviour of such columns has been investigated. 
One such diagram i s given i n Figure 39 i n which the boundaries 
between f l e x u r a l , t o r s i o n a l / f l e x u r a l and l o c a l buckling modes are 
c l e a r l y defined i n terms of the quantities and X^. The effects 
of shear forces and transverse shear stresses have been included i n 
t h i s diagram which only includes a l i m i t e d range of which 
the approximate shear factor may be applied. The boundary between 
flexure and torsion/flexure has been obtained, from the in t e r s e c t i o n 
of the constant load l i n e s f o r the two modes.- also shown in- the 
figure. The bounds between l o c a l buckling and flexure and be-hrfeen 
l o c a l buckling and torsion/flexure have been obtained by equating 
the relevant expressions f o r the applied end load. I t should be noted-
that i n the l o c a l i n s t a b i l i t y region of t h i s figure the contours 
define the bounds be-fcween the number of half-waves i n the buckled shape 
of the column. 
127 
5-
0-4 • 0-5 0-6 . 07 0-8 0-9 1^ 0 14 }C-
Fig.39 HP_des of instability for CFRP ctiaiinels(built-in ends) 
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In order to obtain the contours the following observations were 
made. By equating expressions 331 and i t i s found' that 
mm 
and 
(55) 
min 
where ^  . i s the value of corresponding to K . for a given number 
mm • 1 ° mm 
of half-v/aves mi Substituting r e l a t i o n s 55 with m equal to unity i n t o 
equation 33 gives . 
1 ^min mm 
•" • '• Now the in t e r s e c t i o n of the curves f o r m and ra + 1 half-wayes for-
the b u i l t - i n column corresponds to the in t e r s e c t i o n of the curves f o r 
m and m + 2 half-waves for the simply supported column as demonstrated 
i n Figure 35. Thus, the co-ordinates of the point of in t e r s e c t i o n are 
obtained by subs t i t u t i n g f o r m and.m + 2 inequation 56- and equating the 
results to give 
c '."^ "^^  ^  2)] ^  ^^.^ (57). 
where corresponds to ra equal to unity. The corresponding buckling 
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c o e f f i c i e n t at t h i s point i s then 
K = -
c \p 
min L 
m 
m + 2 m 
+ K . 
mm 
(58) 
Now, ^j^^^ corresponding to m. equal to unity can be obtained 
from a graph such as that given i n Figure 36 f o r channel sections. In 
th i s case if . may be described approximately by the r e l a t i o n 
mm 
^min = 2.2X2 - 0.5 (59) 
Combining the r e s u l t s of.57 and 59 and noting the d e f i n i t i o n of 
gives the following expression 
^1 D^^ ^ ^b^^ m (m' + 2) (2.2 X^ + 0.5)' (60) 
P l o t t i n g t h i s r e s u l t i n Figure 39 produces the st r a i g h t l i n e s defining 
the boundary be t\i/e en the number of. half-waves i n the l o c a l buckling mode.. 
In order to obtain the buckling c o e f f i c i e n t f o r a given section 
i t i s necessary to enter- the dashed curves of Figure 40. Each of 
these curves corresponds to the minimum value of the buckling 
c o e f f i c i e n t f o r a b u i l t - i n section with a given number of half-^^/aves 
i n the buckled state. The s o l i d l i n e i n -this figure corresponds to 
^min ^ simply supported column derived by c l a s s i c a l t h i n pla'te 
theory. The chain dotted l i n e i s the same curve modified by the shear 
correction factor obtained from Figure 37. This l i n e then forms the 
base value f o r K^^j^ used i n the expression for the buckling c o e f f i c i e n t 
K i n equation 58. I t should be.noted that only curves corresponding 
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to mig 3 have been entered i n Figure 40 and f o r values of m greater 
than, 3 the modified curve for the simply supported column may be 
assumed. In t h i s case the constant load l i n e s may be extended into 
the l o c a l buckling region of Figure 39? as v e r t i c a l l i n e s as indicated. 
Thus from Figure 39, with the use of Figure 40 i f necessary, i t 
i s possible to obtain a f i r s t estimate of the load c a E r y i n g capacity 
of a u n i d i r e c t i o n a l CFRP channel section column subject, to b u i l t - i n , 
end conditions. 
The buckling mode and the number of half-waves i n the l o c a l 
buckling configuration i s also r e a d i l y available from Figure 39'. The 
properties used to generate these figures are those given i n Table 9. 
The figures therefore should s t r i c t l y only be applied to sections • 
having properties very close to these. 
4.4 Conclusions 
This chapter has been concerned with the development of 
a n a l y t i c a l methods for predicting the i n s t a b i l i t y behaviour of 
orthotropic thin-walled columns. The major contribution i n t h i s work 
has been i n the study of l o c a l i n s t a b i l i t y f o r which an exact method 
for determining the buckling c o e f f i c i e n t of simply supported 
orthotropic columns has been presented. Although t h i s method i s a 
d i r e c t extension from that of Bulson (38) to include orthotropic plate 
properties, the r e s u l t s are of p a r t i c u l a r i n t e r e s t f o r the development 
of design charts. I t has been shown that the minimum buckling 
c o e f f i c i e n t for orthotropic columns can be d i r e c t l y related to the 
dimensionless r a t i o of plate r i g i d i t i e s , ^ , with l i t t l e error f o r most 
materials Plots of the minimum buckling c o e f f i c i e n t against the flange/ 
web r a t i o for the i s o t r o p i c case and the most orthotropic curve (? = o) 
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are s u f f i c i e n t f o r the designer to obtain the minimum buckling 
c o e f f i c i e n t f o r a section composed of any orthotropic material by 
simple i n t e r p o l a t i o n . Furthermore, i t has been demonstrated that, 
since the c h a r a c t e r i s t i c garland- curves f o r the buckling c o e f f i c i e n t 
have i d e n t i c a l forms f o r a l l orthotropic-materials, i t i s possible to 
predict the buckling c o e f f i c i e n t and the mode, shape from a simple 
figure. For example, the buckling c o e f f i c i e n t arid the mode f o r an 
orthotropic channel section can be obtained from Figure .27 with the 
aid of Figures 35 and 36. ^The method i s not l i m i t e d to simply 
supported columns since i t has been demonstrated that the behaviour 
of b u i l t - i n columns may be predicted by the same method. This appears 
to be an extremely powerful approach although i t i s l i m i t e d to the 
.consideration of uniform sections and loading conditions at present. 
When dealing with highly orthotropic materials i t i s necessary 
to consider the effects of transverse shear stresses, on the l o c a l 
i n s t a b i l i t y bevaviour of f l a t plate structures. A c r i t i c a l load 
reduction factor f o r simply supported plates has been presented and 
i s seen to be dependent on the degree of orthotropy and the r e l a t i v e 
thickness of the plate. The l a t t e r quantity i s governed p r i m a r i l y by 
the minimum p r a c t i c a l thickness that can be manufactured when dealing 
with, FRP with the r e s u l t that many p r a c t i c a l sections may be considered 
as thick-walled. I t i s also necessary to consider the- e f f e c t of 
transverse shear forces when evaluating the o v e r a l l i n s t a b i l i t y 
behaviour of highly orthotrqpic sections f o r which an approximate 
method has been presented. 
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The general i n s t a b i l i t y behaviour of u n i d i r e c t i o n a l CFRP channel 
sections subject to compressive end loads with b u i l t - i n end conditions 
has been presented graphically i n Figures 39 and 40.Practical sections, 
> 0.45,are seen to exhib i t l o c a l or t o r s i o n a l / f l e x u r a l i n s t a b i l i t y 
only. Furthermore l o c a l buckling i s the governing mode fo r much 
longer columns than i s expected for i s o t r o p i c channels-. Such long 
columns are more sens i t i v e to i n i t i a l curvature and nonvuniform loading 
effects and the bound between the o v e r a l l and l o c a l buckling modes may 
be d i f f i c u l t to es t a b l i s h i n practice. 
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CHAPTER V 
NUMERICAL METHODS 
5.1 Introduction 
In preceding chapters a v a r i e t y of a n a l y t i c a l procedures have 
been presented f o r the analysis of the l o c a l i n s t a b i l i t y behaviour of 
orthotropic f l a t plate structures. These methods, give acceptable 
solutions to i d e a l problems but are frequently not applicable to r e a l 
problems where the assumptions of uniform loading, thickness, material 
projjerties and boundary conditions cannot s t r i c t l y be applied. In 
order to investigate the effects of such conditions i t i s convenient 
to d i s c r e t i s e the problem and solve a series of simultaneous equations 
describing the behaviour of the 'elements' of the structure. 
There are two basic approaches to such numerical methods: th,e 
v a r i a t i o n a l technique used i n conjunction with energy formulations and 
known as the f i n i t e element (FE) method; and the d i r e c t solution of 
the governing d i f f e r e n t i a l equations known as the f i n i t e difference (FD) 
method. Both methods are applicable to l i n e a r and non-linear problems 
although i t may be argued that the f i n i t e element method i s superior 
when tre a t i n g i r r e g u l a r domains and, in, the f i e l d of s t r u c t u r a l mechanics 
at least., i s much further advanced than present f i n i t e difference, 
techniques. 
This work i s concerned i n p a r t i c u l a r with the s o l u t i o n for the l o c a l 
buckling stress of orthbtropic channel sections subject to b u i l t - i n end 
conditions. Since the channel section i s composed of a series of 
rectangular f l a t plates i t can e a s i l y be described by a regular mesh of 
rectangular 'elements' and i t was f e l t that the problem could be solved 
equally well, using either method. Both methods have been investigated 
and are discussed i n the following sections. 
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I t i s worth noting at t h i s point an al t e r n a t i v e method knovm as 
the f i n i t e s t r i p (FS) technique which, as i t s name implies, requires 
i d e a l i s i n g a structure as a series of f l a t s t r i p s running the length of 
the assemblage and i s p a r t i c u l a r l y useful i n determining the c r i t i c a l 
loads of t h i n walled columns when the buckling mode i s unknown. The 
resultant displacement vector contains terms from l o c a l and o v e r a l l 
buckling modes but i t i s c l e a r which, terms are governing.. An exact 
formulation for the FS method has been presented by W i t t r i c k (90, 91) 
i n which a l l displacement components are assumed to vary s i n u s o i d a l l y 
i n the lo n g i t u d i n a l d i r e c t i o n and the p a r t i a l d i f f e r e n t i a l equations 
governing the deformation of the component plates are reduced to 
ordinary d i f f e r e n t i a l equations which can then be solved. An 
approximate formulation has been presented by Cheung (92), Przemieniecki. 
(93), and more recently Plank and Williams (94) i n which displacements 
are assumed to be described by a cubic polynomial i n the -transverse 
d i r e c t i o n . This method i s d i r e c t l y equivalent to FE methods and 
standard eigenvalue techniques ma:y be adopted. The solution i s however 
l i m i t e d to simply supported plate configuration except when no shear 
occurs i n the constituent plates and al t e r n a t i v e displacement modes may 
be assumed for the longitudinal d i r e c t i o n . 
Despite t h i s l i m i t a t i o n the method i s extremely powerful for 
investigating buckling and v i b r a t i o n modes of f l a t plate configurations. 
The formulation presented i n Reference 94 excludes the constraint that 
plate junctions remain s t r a i g h t during buckling and the resultant 
deformations include i n t e r a c t i o n betv/eeh o v e r a l l and l o c a l modes. 
Numerous investigations have been carri e d out using FS methods one i n 
p a r t i c u l a r by Turvey and W i t t r i c k (95) being most relevant to the 
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present study. This paper presents, r e s u l t s for the buckling stress of 
a range of multi-plate structures, manufactured from CFRP using three 
ply orientations. From the r e s u l t s presented for a Z section which, 
.for l o c a l i n s t a b i l i t y i i s equivalent to a channel section, i t i s noted 
that the i n i t i a l buckling stress f o r a u n i d i r e c t i o n a l CFRP column i s 
about 40% that for an aluminium section of the same geometry. Comparing 
the same CFRP column r e s u l t s with those for an aluminiiim section of the 
same weight (reduced thickness) i t i s seen that the i n i t i a l buckling 
stresses are of the same order. F i n a l l y , as might be expected, 
introduction of 50% cross p l i e s at 90° or - 45° to the loading axis . 
re s u l t s i n considerable increases i n the i n i t i a l buckling stress for 
CFRP coliimns, i n d i c a t i n g the p o s s i b i l i t y of 40% weight savings over the 
equivalent aluminium section. This theoretica,! study of orthotrqpic 
structures i s by no means exhaustive but gives a useful i n s i g h t to the 
i n s t a b i l i t y behaviour of CFRP structures such as those being considered 
i n the present work. 
5.2 The F i n i t e Difference -Technique 
5.2.1 A Review of Solution Methods 
The method of obtaining approximate solutions to d i f f e r e n t i a l 
equations using f i n i t e differences has been knovm f o r many years. The 
f i r s t application to problems i n e l a s t i c i t y however appeared i n 1908 
when Runge (96) used the method to solve t o r s i o n a l problems. The method 
was applied to a va r i e t y of problems and various improved i t e r a t i v e 
solution techniques were postulated i n the f i r s t h a l f of the twentieth 
century. For d e t a i l s of these achievements, the reader i s referred 
to Timoshenko and Goodier (97). With the a r r i v a l of electronic 
computers, the use of FD methods became more popular and the so l u t i o n 
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techniques improved considerably. Details of the application of the 
method to a range of i n i t i a l - v a l u e and boundary-value problems are 
given i n the text by Fbrsythe and Wasow (98) and w i l l not be repeated 
here. 
More recent improvements to the FD method applied to s t r u c t u r a l 
problems have followed a variety of approaches-. One has been to combine 
the method with an energy-formulation such that.derivatives can be 
expressed i n terms of functions at intermediate nodal points. This 
technique v/as applied to a one-dimensional s h e l l analysis i n Reference 
(99) which includes a d i r e c t comparison with solutions obtained from a 
f i n i t e element scheme. A s i m i l a r technique has also been applied to 
two-dimensional s h e l l analyses i n References (100) and (101). 
A second development i s the use of i r r e g u l a r meshes which can. 
give improved evaluation of higher order derivatives and i s r e a d i l y 
adapted to i r r e g u l a r boundaries. This method has been shown to give 
improved accuracy and greater e f f i c i e n c y of s o l u t i o n but i t s a p p l i c a t i o n 
has been l i m i t e d to problems of second order (102) (103). I t appears 
therefore that the combination of an energy formulation with the 
application of a variable mesh technique i s required to give the. most 
e f f i c i e n t s o l u t i o n to s t r u c t u r a l problems involving plates and s h e l l s 
where high order d i f f e r e n t i a l equations are encountered. 
A further method however, has been proposed by Nobr (104) f o r the 
analysis of t h i c k plates i n which the problem i s reduced to the solution 
of s i x f i r s t order d i f f e r e n t i a l equations. By using i n t e r l a c i n g g r i d s , 
accurate solutions f o r the fundamental frequency, stresses and 
displacements of simply supported, t h i c k , laminated, orthotropic plates 
are obtained. Once again the d i r e c t solution of high order d i f f e r e n t i a l 
equations has been avoided with the r e s u l t that e f f i c i e n t solutions of 
acceptable accuracy are obtained with a minimum Of mesh points. 
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5.2.2 Direct Solution.of the Plate Buckling D i f f e r e n t i a l Equation 
I t was f e l t that the buckling of - f l a t plate structures was a 
r e l a t i v e l y simple problem to solve p a r t i c u l a r l y i f uniform properties 
and conditions were assumed throughout the structure. I t was decided 
therefore to investigate the r e s u l t s obtained by d i r e c t solution of the 
fourth order p a r t i a l d i f f e r e n t i a l equation f o r plate buckling before 
attempting the more complex methods mentioned above. As a bench mark 
problem, the s t a b i l i t y of a simply supported orthotropic rectangular 
plate was considered.- A computer programme was written to generate the 
difference equations from the plate dimensions and properties, and 
prescribed nodal densities for the two p r i n c i p a l directions i n the plane 
of the plate.. The so l u t i o n , that i s the minimum load f o r i n s t a b i l i t y 
of the plate,was obtained by solving the r e s u l t i n g eigenvalue problem 
using an i t e r a t i v e procedure. An outline of the solution'method is, 
given below and d e t a i l s of boundary condition i n t e r p r e t a t i o n and a 
programme l i s t i n g are given i n Appendix IX. 
Consider the simply supported orthotropic plate subject to a 
uniform compressive end load, P per uni t length shown i n Figure 41.. 
A rectangular g r i d i s superimposed onto the plate such that there are 
n and n d i v i s i o n s i n the x and y directions respectively. Each 
X y 
inte r s e c t i o n of two g r i d l i n e s i s considered as a reference point f o r 
the l a t e r a l d e f l e c t i o n of 'the p l a t e . Thus, there are ("y+^) 
reference points i n the whole plate requiring the same number of 
equations, f o r the solution. For the case of a'simply supported plate 
however, the defl e c t i o n at the boundary i s zero and these reference 
points and t h e i r corresponding difference equations are of no 
consequence. Thus only (n^-l) reference points are considered 
for the solution. 
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Fig.41 Finite difference"nnesli for simply suppor ted plate 
140 
The fourth order d i f f e r e n t i a l equation describing the d e f l e c t i o n 
of a compressed plate i s given i n Appendix I I I as 
^ 3X^ 3 g^^y^ 2 
In order to express t h i s equation i n terras of central differences at 
each reference point i n the p l a t e , a 13 point 'molecule' equation i s 
required as given below 
^Vi.JH.2 2 ^ ' ^ ' V i - l , j - . l - ^ ( ^ ' ^ ' ^ j ^ ^ \ ) ^ , j - . l 
. 2h\\.._^^^.^^ + k\^w._2^.+-(h2kS-4(hVD3 k^D^))w,_,^  . 
+ (Sh^k^D.^  + 6 ( k S , + h^ D )^ - 2h2k'^ P)w. . 
3 1 2 1, J 
. (hVp-4 (hVD3 +.kS^))w.^^^. +k^D^w.^ 2,j - 2 ^ ' ^ ' V i - l , j - l 
- ^ ^ \ ) \ . j - l ^'^Vi+i,j-i ^ '^\\,3-2 = ° (61^ 
where h and k are the mesh spacings i n the x and y d i r e c t i o n respectively. 
The l o c a t i o n of the 'molecule' expressions correspond to the positions i n 
the g r i d i n r e l a t i o n to the central point ( i , j ) as shown i n Figure 42. 
The 'molecule' i s applied to each i n t e r n a l reference point i n the plate 
to produce a set of simultaneous equations. For reference points near 
the boundary, f i c t i t i o u s points outside, the plate are required to 
complete the 13 point 'molecule' equation. These points are eliminated 
from the r e s u l t i n g equations by considering the boundary conditions as 
described i n Appendix IX. 
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2b -4(a+b) 2b ' 
c -4{b+c) 8b+6la+c) -4{b+c) c 
2b -4(a+b) 2b 
a 
where a=h''"D2 
b=h^k^D3 
d=:h=^ k^  
(almolecular form of equation (51) 
YJ 
X 
(b)finite difference grid reference" points 
Fig.42, The 13 point molecule for plate buckling 
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The r e s u l t i n g set of simultaneous equations, may be written i n 
matrix form as 
M + P 
_ 
(62) 
where M i s a matrix of constant terms dependent on the plate 
r i g i d i t i e s and the mesh spacing, Q i s a matrix of c o e f f i c i e n t s of P, 
the applied load per u n i t length, and ^ w i s a vector of l a t e r a l 
displacements at the reference points. This equation i s re-arranged 
to give 
-1 c ^ -
— "Q" M' 
" r I. ) 
(63) 
where I i s the i d e n t i t y matrix and ^ P are the eigenvalues of 
(- Q ).. I f P i s the smallest eigenvalue of (-
'C 
Q -1 V ) , 
-1 then P " i s the dominant eigenvalue of (-
c 
M ) and may be 
obtained using the i t e r a t i v e power method. Starting with an a r b i t r a r y 
vector 
n 
then solving 
n+1 Q n 
i t i s found that 
P = lim 
c X , 
n-*<a» —n+1 
The process i s repeated u n t i l s a t i s f a c t o r y convergence i s obtained. 
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The method has been applied to a range of plates u t i l i s i n g a 
M was inverted once at the va r i e t y of mesh dimensions. The matrix' 
beginning of the sol u t i o n process since t h i s was found to. be the most 
e f f i c i e n t method of so l u t i o n . Owing to the near singular nature of 
the matrix, solution methods, involving f a c t o r i s a t i o n or d i r e c t gaussian 
elimination were found to r e s u l t i n non-convergent solutions. '• 
Inspection of the matrix Q indicated that, provided,displacements 
at the loaded edges were zero, then the matrix was always banded and 
symmetric. This matrix was therefore manipulated i n a reduced form for 
the s o l u t i o n . The matrix M v/as i d e n t i f i e d as being generally sparse 
but no advantage of t h i s v/as taken for t h i s work. 
The convergence rates for a series of solutions obtained f o r an 
orthotropic plate of u n i t length and of v/idth 0.2364 are shown i n 
Figure 43. These dimensions correspond to the minimum value of the 
buckling c o e f f i c i e n t for the simply supported plate buckling into two 
half-waves when the p r i n c i p a l plate r i g i d i t i e s assumed i n the sol u t i o n 
D^ , ^2'^3 ^^'^ Poisson's r a t i o , V ^ ^h^ve 'the values"'250," 12,.5,15 ahd 0.34 
respectively. ^From Figure 43 i t i s c l e a r that the f i n e r the mesh i n 
the d i r e c t i o n of the applied load the fas t e r the convergence irate for 
the i t e r a t i v e process and the lower the f i n a l value. The exact 
solution for the c r i t i c a l load f o r the plate i s 25043- N and i s shown 
as a horizontal l i n e i n Figure 43. I t may be remarked that a f t e r 20 
i t e r a t i o n s the calculated c r i t i c a l loads for meshes which are coarse 
i n the x d i r e c t i o n are greater than the exact value whereas for meshes 
which are coarse i n the y d i r e c t i o n the computed values l i e below the 
exact solution. I t would appear from these r e s u l t s that the most 
accurate solutions are to be obtained by u t i l i s i n g a square mesh and 
that the degree of material orthotropy does not a f f e c t t h i s . 
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Fig.43 Convergence of finite difference solution for plate buckling 

The evidence of Figure 43 i s not conclusive however since an 
improvement i n s o l u t i o n accuracy can be obtained by increasing the 
niomber of reference points i n the g r i d . The number of i n t e r n a l nodes 
was constrained to a maximum of 100 f o r t h i s study owing to the 
l i m i t e d capacity of the computer on which the problem v/as being solved. 
I t i s suggested therefore that most consistent r e s u l t s would be 
obtained from t h i s method by using a near-square- mesh and the maximum 
refinement possible with the given computer. 
Some examples of the. geometries investigated are shown i n Figures 
44, 45 and 46 which show the o r i g i n a l rec-fcangular mesh as well as the 
buckled configuration. Figure 44 corresponds to an i s o t r o p i c square 
plate with 100 i n t e r n a l reference points buckling into one half-wave 
i n both p r i n c i p a l d i r e c t i o n s . Figure 45 shows a s i m i l a r figure f o r a 
CFRP plate with a side r a t i o of 2 also buckling into one half-wave .in 
both p r i n c i p a l d i r e c t i o n s . F i n a l l y , Figure 46 shows an i s o t r o p i c 
p late v/ith a side r a t i o of 5 buckling into f i v e half-waves i n the 
l o n g i t u d i n a l d i r e c t i o n and one half-wave i n the transverse d i r e c t i o n . 
96 i n t e r n a l reference points were used for t h i s i d e a l i s a t i o n . ' 
No further developments were made with the f i n i t e difference 
method owing to a successful solution to the problem having been 
chained from a f i n i t e element programme. ' Several observations concerMng 
FD techniques can be made at t h i s stage however. Direct solution of 
the fourth order p a r t i a l d i f f e r e n t i a l equilibrium equation f o r pla.te 
s t a b i l i t y requires a high degree of mesh refinement for accurate 
solutions. The resultant matricep however are numerically i l l -
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Fig.44 FD.mesh with bucl<led shape for isotropic square plate 
. . . 147- • • 
Fig.45 F.D.mesh with bucl<led. shape, for CFRP- rectangular plate 
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Fig.46 F.D.mesli with buckled shape for isotropic 
rectangular plate • - . - , 
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conditioned and s o l u t i o n can be tedious. In viev/ of these points i t 
i s advisable to resort to some method of reducing the order of the 
equations such as the energy formulation mentioned e a r l i e r and to 
u t i l i s e .some form of mesh, optimising technique to minimise the error 
and avoid s i n g u l a r i t i e s . 
5.3 The F i n i t e Element Method 
5.3.1 Solution Techniques 
The f i n i t e element method of analysis i s frequently applied to 
the analysis of s t r u c t u r a l , thermodynamic, and f l u i d flov/ problems. 
The popularity of the method amongst engineers may be contributed 
largely to i t s ease of conception. Each element represents a discrete 
part of a body and i t s behaviour i s dependent on the properties 
prescribed to i t ( c o n s t i t u t i v e r e l a t i o n s ) and i t s i n t e r a c t i o n with 
surrounding elements ( c o m p a t i b i l i t y ) . By constructing a structure .with 
a series of connected elements i t i s possible to model inhomogeneous-
and i r r e g u l a r domains with remarkable accuracy. 
The mathematical derivation of the method w i l l not be dea:lt with 
here and the interested reader i s referred to the works of Cook (105), 
Gallagher (106), Przemieniecki (107), and Zienkiewicz (108). Interest 
i n t h i s work i s centred around the determination, of an i n i t i a l 
i n s t a b i l i t y load for f l a t plate struc-tures. The f i n i t e element method 
•can be r e a d i l y applied to t h i s problem and two basic schemes may be 
employed. The f i r s t i s to obtain the c l a s s i c a l l i n e a r i s e d b i f u r c a t i o n 
load from the eigenvalues of the bending deformation equation.. The 
second method is. to obtain a step by step solution modifying the struc-ture 
s t i f f n e s s and incrementing the applied load at each step. The l a t t e r 
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method i s more powerful since phenomena such as the imperfection 
s e n s i t i v i t y of the structure can be investigated but i t can be a cost l y 
process i f many steps are required f o r a sa t i s f a c t o r y s o l u t i o n . The 
eigenvalue solution technique has been adopted here since i t i s 
d i r e c t l y analogous with the l i n e a r i s e d - a n a l y t i c a l solutions which have 
been discussed e a r l i e r . 
The so l u t i o n i s obtained i n two steps; the structure s t i f f n e s s 
matrix i s assembled and the l i n e a r e l a s t i c solution i s obtained 
for some applied load which i s less than c r i t i c a l ; the i n i t i a l 
stress structure matrix K 
L crJ 
i s then formed from these r e s u l t s and 
the minimum eigenvalue of the s t r u c t u r a l bending deformation equation 
i s sought i . e . 
K 
L cyj 
where the minimum eigenvalue, OJ . i s then the m u l t i p l i e r of the 
mm 
o r i g i n a l l y applied load which, would cause the structure to buckle. 
5.3.2 The FE Programme 
The PAFEC 70+ f i n i t e element s u i t e , o r i g i n a l l y developed at 
Nottingham University was u t i l i s e d for t h i s work as i t was r e a d i l y 
available on the Plymouth Polytechic ICL 1903A computer. Many problems 
were encountered i n using t h i s scheme, some of which are outlined 
below. 
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A useful f a c i l i t y of the prograinme i s the a b i l i t y to solve- large 
matrix equations without retaining the whole matrix i n core during 
the solution process. The procedure i s outlined i n the work by Irons 
(109) and enables large structures to be analysed with the minimum of 
core, 'requirement. Numerous attempts v/ere made to use t h i s f a c i l i t y 
without success and problems had to be solved using a t o t a l l y in-core 
solution teqhnique. This v/as a severe l i m i t a t i o n on the small computer 
that was available and resulted i n a maximum of ten 8-noded isoparametric 
plate elements that could be used i n any one i d e a l i s a t i o n for a buckling 
problem. 
The 8-noded orthotropic plate bending element R38510 was used 
to i d e a l i s e the channel section. Owing to the symmetry conditions, 
only h a l f the section was idealised and a t y p i c a l four and eight 
element i d e a l i s a t i o n s are shown i n Figure 47 i n d i c a t i n g the nodal . 
degrees of freedom constrained f o r the problem and the manner of load 
application. I t was evident that t h i s p a r t i c u l a r element had only 
been tested by the programme authors f o r s t a t i c , d e f l e c t i o n problems 
where the plate elements were confined to one plane. I t was found 
that several programme al t e r a t i o n s were required.-to allov/i.the 'element • 
to be used i n any plane and to enable the i n i t i a l stress s t i f f n e s s 
matrix to be assembled. This 'debugging' process was very time 
consuming and i s a recurring weakness of the o r i g i n a l PAFEC 70+ 
package. 
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Fig.47 4 and 8 element ideal isat ions of channel sec t ions 
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The PAFEC suite i s extremely large and when loaded requires about 
one h a l f of the available computer core storage:. In order to minimise 
the core a l l o c a t i o n to the programme, up to f i v e depths of overlay 
were u t i l i s e d . The overlay map was reorganised f o r each new. job 
such that only the necessary segments of the programme were allocated 
core space. F i n a l l y , each problem was solved by at l e a s t two 
consecutive jobs, u t i l i s i n g magnetic tape storage to transfer data from 
one job to the next. 
5.3.3 Solutions f o r the Local I n s t a b i l i t y of Orthotropic Channels 
5.3.3(a) Uniform Stress 
The c l a s s i c a l plate buckling s o l u t i o n employs the assumption that, 
for a uniformly loaded p l a t e , the stress i s uniform throughout the plate 
up to the b i f i r c a t i o n point or c r i t i c a l load for- the plate. This 
assumption may be applied to the F.E method by forming the i n i t i a l _ 
stress s t i f f n e s s matrix d i r e c t l y from the i n i t i a l assumed uniform 
stress state i n the plate. The solution i s then reduced to one step, 
that of obtaining the eigenvalues of the r e s u l t i n g bending deformation 
equation. 
This technique has been applied to the s o l u t i o n of the channel 
section buckling problem u t i l i s i n g two jobs for each problem. The 
f i r s t consisted of reading the input data from cards, assembling the 
structure s t i f f n e s s matrixes, and s t o r i n g the relevant information on 
magnetic tape f i l e s . The second job simply retrieved the data from 
the tape f i l e s and solved the eigenvalue problem. In order to evaluate 
the method, simply-supported aluminium and CFRP channel sections of 
varying lenths were i d e a l i s e d with a flange/web r a t i o \^ of unity. 
The'plate r i g i d i t i e s used f o r the models are given, below and 
correspond to those values u t i l i s e d i n the a n a l y t i c a l investigation of 
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the previous chapter. 
Aluminium 
120 Nm 
CFRP 
250 Mn = 12.5 Niri . = 15 Nm 
The i s o t r o p i c channel was i d e a l i s e d by only four elements 
throughout and the r e s u l t s are given i n Figure 48 where the buckling 
c o e f f i c i e n t i s plotted against the web side r a t i o X^* The 
continuous l i n e i n the figure indicates the exact buckling curve for-
the section obtained from the analysis presented i n the previous chapter. 
The number of half-waves i n the buckled configuration obtained from- the 
f i n i t e element solution i s indicated under each plotted point i n t h i s 
f i g u r e . I t is. apparent that the f i n i t e element r e s u l t s f o r K^^ are 
s l i g h t l y lower than -those from the exact method for the shorter columns 
but the r e s u l t s become less consistent f o r the longer sections where-' 
higher wave numbers are encountered. 
A s i m i l a r procedure has. been carried out f o r b u i l t - i n aluminium 
columns and the r e s u l t s are also indicated i n F i g 48. i n the same.manner 
a.s described above. The dashed curve i n t h i s figure has been obtained 
from the approximate method of Chapter I^ V and very good agreemen-t i s 
exhibited between the two methods. Again, the f i n i t e element r e s u l t s 
tend -to be generally lower and are less accurate f o r the longer columns. 
This process has been repeated f o r CFRP channel section columns 
with simply-supported and b u i l t - i n end conditions. Although four 
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Fig.48 Local , instabi l i ty of aluminium channel sect ions (A^rlO). 
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elements were u t i l i s e d to model the shorter columns, eight elements 
were used f o r the longer sections. The r e s u l t s are shown i n Figure 49 
where again the continuous curve was obtained from the exact analysis 
for the simply supported column and the dashed curve from the 
approximate method of the previous chapter-. Excellent agreement i s 
exhibited i n both cases although the F.E. r e s u l t s tend to be 
consistently below the r e s u l t s from the a n a l y t i c a l methods. The good 
agreement be-fcween r e s u l t s from both methods for the b u i l t - i n sec-fcion 
confirms the accuracy of the approximate method outlined i n Chapter 
IV. 
5.3.3(b) Non-uniform Stress 
In r e a l applications the stress state i n folded plate s-fcructures 
before the onset of l o c a l buckling i s frequently non-uniform. In such 
cases the two step f i n i t e element approach to the buckling problem 
must be considered. In the f i r s t ; step the structure i d e a l i s a t i o n must 
include the in-plane (membrane) s t i f f n e s s as w e l l as the bending 
s t i f f n e s s of the plate elements. The in-plane stress state due to 
the a p p lication of a s u b c r i t i c a l end load i s then obtained from a s t a t i c 
displacement solution. In the next step the. i n i t i a l stress s t i f f n e s s 
matrix i s assembled from the previously obtained stresses and the 
eigenvalues of the r e s u l t i n g equations are obtained. 
As a bench-mark problem a CFRP channel section with equal 
to unity and a weh side r a t i o of four was i d e a l i s e d with b u i l t - i n end 
conditions using four membrane/bending elements. The solu t i o n was. 
obtained i n two jobs; the f i r s t read data from cards, assembled the 
structure s t i f f n e s s matrix and solved the s t a t i c force/displacement 
equation. The stresses were then computed at the 36 Gauss-points 
for each element' and written to a magnetic tape f i l e . Both in-plane 
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Fig.49 Local instabi-lity of CFRP channel sect ions (X. = 1.0). 
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and bending effects were included i n the i d e a l i s a t i o n by merging the 
corresponding elements R36510 and R38510. The structure i d e a l i s a t i o n 
and the retained nodal degrees of freedom are sho\m i n Figure 50. In 
the second job the structure was i d e a l i s e d using only the bending 
elements R38510 and the i n i t i a l stress s t i f f n e s s matrix was calculated 
from the Gauss point stresses read from the magnetic tape f i l e . The 
raechanica:l properties assumed were those used- for the one step 
solution-(constant stress) and the buckling c o e f f i c i e n t , was found 
to be 1.3385 which i s almost i d e n t i c a l with the r e s u l t of 1.333 obtained 
from the uniform stress procedure. Thus, i t i s seen that f o r regular 
structures with uniform properties and loading the constant stress 
method gives r e l i a b l e estimates of the i n i t i a l i n s t a b i l i t y stress of 
folded plate configurations and the preliminary evaluation of stresses 
through the elements i s unnecessary. 
For non-uniform- loading however, or f o r structures with varying 
plate r i g i d i t i e s i t i s preferable to evaluate the in-plane stress state 
from a f i n i t e element i d e a l i s a t i o n . The CFRP channel sections 
investigated i n t h i s work- were known to have non-uniform properties 
around the crOss-section as demonstrated i n Chapter I I I . The 
t h e o r e t i c a l buckling c o e f f i c i e n t of a t y p i c a l channel section to be 
tested was therefore investigated using the two step f i n i t e element 
method. 
In practice, the channel sections were loaded, between p a r a l l e l 
plattens the in-plane stress d i s t r i b u t i o n thus being displacement 
controlled rather than load controlled. The Gauss point stresses were 
therefore evaluated by imposing a uniform a x i a l displacement to the 
loaded edges of the F.E, model. A single channel was investigated 
using t h i s method with the material properties and dimensions 
corresponding to that of t e s t column 15B1 described i n the following 
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chapter. . The compliances and thickness assumed f o r the flange and web 
elements are tabulated below where the 1 material d i r e c t i o n corresponds 
to the a x i a l d i r e c t i o n of the column. 
S^^ (mm^ /N) (•nm^ /N) ^ ^.2 ^66 ,^ t(mm) 
Web 0.488 x 10~^ -0.322 x 10~^ 0..971 x lo"'* 0.175 x 10~^ 2.55 
Flange 0.575 x 10~^ -0.224 x 10~^ 0.106 x 10~^ 0.247 x 10~^ 2.65 
Half the channel section was ide a l i s e d using ten 8-noded 
isoparametric q u a d r i l a t e r a l elements with combined in-plane and bending 
st i f f n e s s e s as shown i n Figure 51. Owing to the l i m i t a t i o n s imposed 
by the computer size the eigenvalue-solution v/as obtained by a series 
of f i v e jobs run sequentially u t i l i s i n g magnetic tape storage f o r 
data transfer betv/een jobs. Two solutions were obtained using t h i s 
method by f i r s t l y assuming the section to have uniform mechanical 
properties throughout corresponding to those assumed for the web of 
the section; secondly by assuming the non-uniform properties given 
i n the above table. 
For the case where uniform properties were assumed the computed 
Ga.uss point stresses i n the a x i a l d i r e c t i o n were constant through 
elements 3 and 8 (see Figure 51) at the mid-section of -the column as 
i s expected f o r a miform end displacement f o r t h i s case. The 
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Fig.51 10 element ideal isat ion of test channel 15B1 ' 
162 
c r i t i c a l end load f o r locail i n s t a b i l i t y of the channel section was 
computed as 94.86 kN, and the cblufnn was predicted to buckle i n t o 3 
half-waves. The graphical method, outlined i r i the previous chapter, 
for obtaining the buckling c o e f f i c i e n t f o r b u i l t - i n orthotropic 
sections predicted a c r i t i c a l end- load of 94.35 kN (m = 3) by assuming 
a uniform thickness of 2.6. mm for the section. The excellent agreement 
between these r e s u l t s is. encouraging but i t should be, appreciated that 
cumulative inaccuracies i n the graphical procedure may r e s u l t i n errors 
of several per cent and re s u l t s from such methods should not be 
considered exact. 
For the case of non-uniform properties, the computed stresses 
at the mid-section of the column, showed a v a r i a t i o n of 15% between the 
a x i a l components i n the flange and i n the web r e f l e c t i n g the v a r i a t i o n 
i n corresponding mechanical properties. The computed c r i t i c a l , end-
load for l o c a l i n s t a b i l i t y was 86.9- kN with a predic-fced buckling- mode 
of 3 half-waves. The reduced s t i f f n e s s of -the flange i n t h i s case 
r e s u l t s i n 8.4% reduction i n the c r i t i c a l end load f o r l o c a l i n s t a b i l i t y . 
In order to solve the F.E. eigenvalue problem associated v;ith 
i n s t a b i l i t y analysis i t i s necessary that the i n i t i a l stress .stiffness 
matrix ( i ^ ) be p o s i t i v e d e f i n i t e . I t was found that when attempting 
solutions assuming a non-uriiform i n i t i a l stress d i s t r i b u t i o n the 
re s u l t i n g ini-fcial stress s.tiffness matrix was i l l conditioned and 
fa c t o r i s a t i o n was not possible. The eigenvalues were obtained howe-ver 
by interchanging the structure s t i f f n e s s matrix (K^) with the matrix 
(Kg.) before the f i n a l s o l u t i o n stage. The reciprocals of the eigenvalues 
are thus computed and the dominant buckling mode i s l i s t e d as the 
f i n a l mode with a stress m u l t i p l i e r of ^  in. the programme - output,. I t 
min 
i s necessary -therefore to reques-fc a l l eigenvectors -fco be l i s t e d and 
V 
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not to use the option of l i m i t e d printout i f the matrices have been 
interchanged. 
5.3.4 Limitations of the Eigenvalue Technique 
Clear l y , the F.E. eigenvalue technique described above i s 
d i r e c t l y equivalent to the a n a l y t i c a l methods f o r predicting i n i t i a l 
i n s t a b i l i t y of perfect structures described previously. Indeed, i t 
has been demonstrated that r e s u l t s from both methods f o r uniformly 
loaded, orthotropic channel sections with uniform properties compare 
extremely w e l l . The F.E. method has several advantages over.the 
a n a l y t i c a l procedures i n that i t can r e a d i l y accommodate a .variety of 
boundary conditions, non-uniform properties, and complicated geometries. 
The use of non-uniform properties with b u i l t - i n end conditions has been 
demonstrated f o r an orthotropic channel section i n the previous section.. 
The l i m i t a t i o n of the method i s p r i m a r i l y i n i t s i n a b i l i t y to 
model npn-linear behaviour since i t is. based on the- assumption that 
the- i n i t i a l d i s t r i b u t i o n remains unaltered up to the point of 
i n s t a b i l i t y . For imperfection s e n s i t i v e structures such as the channel 
section columns of t h i s i n v e s t i g a t i o n i t i s more useful to examine 
the load/deflection characteristic of an i n i t i a l l y curved or e c c e n t r i c a l l y 
loaded column. I t i s not possible to iden-bify a c r i t i c a l load from 
such a c h a r a c t e r i s t i c and the r e s u l t s from the eigenvalue technique 
have l i t t l e meaning i n such cases. 
The F.E. method i s re a d i l y adapted to the solu t i o n of 
geome.trically non-linear problems but requires an i t e r a t i v e technique 
to obtain s a t i s f a c t o r y solutions. The PAFEC 70.+ F.E. suite i s not 
designed to sOlve such problems, emphasis being given to material 
non-linear considerations. The present study has therefore been 
l i m i t e d to the computation of the i n i t i a l buckling stresses f o r the 
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structures concerned. I t i s suggested however that an i n d i c a t i o n of 
the large d e f l e c t i o n behaviour of columns may be o b t a i n a b l e ' u t i l i s i n g 
the PAFEC 70+programme by applying "the. load incrementally. This i s not 
a p a r t i c u l a r l y economical method and the following points should be 
considered. Triangular elements should be- used for- the i d e a l i s a t i o n 
since q u a d r i l a t e r a l elements have the requirement that they are not 
warped out of plane. By u t i l i s i n g three rioded triangular elements 
the nodes are guaranteed to remain plane even during out of plane 
displacements. The stress s t i f f e n i n g , effects should be included by 
subtracting the geometric s t i f f n e s s ( l ^ ) from the structure s t i f f n e s s 
(Kj^). at the sol u t i o n stage. This f a c i l i t y can be flagged by the 
user but, as no t r i a l runs have been made, i t i s not known whether 
the tr i a n g u l a r plate bending ' elements within the l i b r a r y have the 
a b i l i t y to compute the geometric s t i f f n e s s matrix. Owing to t h i s 
uncertainty and "the poor economy of the method i t i s advised that 
a l t e r n a t i v e methods be sought wherever possib-le. 
5.4 .Conclusions 
A f i n i t e difference method for the solution of the orthotropic 
plate buckling problem has been presented. Although -fche accuracy of 
r e s u l t s obtained for simply supported plates i s encouraging, the 
method i s laneconomical and the structure s t i f f n e s s matrix i s numerically 
i l l conditioned so that the more e f f i c i e n t s o l u t i o n methods cannot be 
u t i l i s e d . The method has not been developed further here but i t i s 
apparent that the use of a mixed formulation or the p o s s i b i l i t y of 
reducing the order of the d i f f e r e n t i a l equations should be considered i f 
the method i s to be pursued. 
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The f i n i t e element method, has been investigated using the PAFEC 
70+ f i n i t e element s u i t e . Problems were encountered with the use of 
the programme owing to i t s large core requirements on a r e l a t i v e l y small 
computer (64k) and the number of programme f a u l t s tht had not been 
removed at the v e r i f i c a t i o n - stage. Results using the 8-noded 
isoparametric orthotropic plate bending elements for channel section 
buckling problems were extremely encouraging despite the r e l a t i v e l y 
coarse i d e a l i s a t i o n s which had to be used. 
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CHAPTER VI 
STRUCTURAL TESTING OF CFRP COLUMNS 
6.1 Requirements of the Test Procedure 
The purpose of the experimental work outlined i n t h i s section was 
to measure the buckling loads of CFRP columns subject to certain 
boundary conditions. I t has been outlined i n previous chapters that 
buckling loads may not be d i s t i n c t i n practice, but that the use of 
Southwell' s method with deflections and possibly stra.ins can give 
reasonable estimates. The exception occurs for l o c a l i n s t a b i l i t y where 
alternative methods may be required and buckling loads become less 
d i s t i n c t with increasing p r e c r i t i c a l d e flections. 
Considering the o v e r a l l i n s t a b i l i t y of near perfect columns, then 
buckling loads may be estimated from the l a t e r a l deflections or rotations 
of the centra,l region of the column f o r f l e x u r a l or t o r s i o n a l - f l e x u r a l 
modes .respectively. Clearly, two displacement transducers are s u f f i c i e n t 
to cater for both i n s t a b i l i t y modes. For l o c a l buckling however, i f 
Southwell's method i s to be applied, then add i t i o n a l transducers are 
required located either at the centre of the web or preferably at the 
t i p s of the flanges. These need to be repeated along the column length 
to ensure that significant deflections are monitored unless the buckling 
mode-shape i s predetermineld such that the transducers can be located 
at the crests of the buckles. Simila:r arguments apply to the use. of 
strain- gauges and i t soom becomes evident that several transducers of 
one type ox' p o t h e r are required to monitor s u f f i c i e n t information to 
evaluate buckling loads for a l l modes of i n s - t a b i l i t y that are envisaged. 
An al t e r n a t i v e to the use of discre-te transducers are o p t i c a l 
techniques which can be used to obtain continuous d e f l e c t i o n maps. 
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There are, for example, several holographic techniques^ which could be 
applied to the problem. These methods are i n general suitable f o r the 
measurement of deflections- close to the wavelength of l i g h t and are 
therefore only applicable to deformations w e l l below those approaching 
the buckled configuration. The usefulness of such a sensitive technique 
would be i n determining small p r e c r i t i c a l deflections and surface st r a i n s 
which would give information concerning i n i t i a l perturbations, the f i n a l 
mode shape and the location of any weakness or strain, concentrations. 
The l a t t e r considerations are p a r t i c u l a r l y useful f o r understanding the 
f a i l u r e o f the columns and the approach has been suggested by Burchett 
(110) and Ennos (111) for use with f i b r e composite materials.. 
The p r a c t i c a l i t i e s of holographic interferometry, introduce.several 
l i m i t a t i o n s to the laboratory t e s t . For low power lasers using r e a l time 
holographic techniques, mechanical s t a b i l i t y and a darkened environment 
are e s s e n t i a l . The author has c a r r i e d out a series of st a b i l i - t y tests 
and successfully produced holograms of 100 mm x 10 mm specimens of CFRP 
plate using equipment available- at Plymouth Polytechnic. In order to 
pursue the investigations a suitable loading frame and i n situ'-plate 
developer need be designed and manufactured. Since the prime i n t e r e s t 
i n the present work was i n evaluating the. column buckling loads no. further 
investigations were carried out on t h i s topic. 
Another o p t i c a l method that i s 10 x less sensitive than holographic 
techniques i s the mOire fringe method. A v a r i e t y of techniques have been 
published f o r two and three dimensional applications of the p r i n c i p l e 
and i n general require design and manufacture of sophisticated o p t i c a l 
equipment to ensure accuracy. The technique however could be applied i n a 
crude manner to obtain q u a l i t a t i v e rather than quantitative information 
on the deformation of the columns under i n v e s t i g a t i o n . For the present 
work these methods have not been investigated and emphasis has been given 
168 
to the use of s t r a i n gauges and electro-mechanical displacement 
transducers. 
I t has already been observed that the number of transducers 
required to assure adequate information from a l l modes of i n s t a b i l i t y 
i s great and that t h i s i s increased i f there i s a need to monitor 
quantities along the length of the column. This need.arises p a r t i c u l a r l y 
i f there i s concern about the boundary conditions and the ef f e c t on the 
o v e r a l l deformation of the columns. For example,, a column having p a r a l l e l 
plates attached r i g i d l y to i t s end and normal to the column a x i s , may be 
subject to loading between non-parallel plattens. This r e s u l t s i n an 
i n i t i a l curvature of the column which acts to a l t e r the buckling load 
of; the column and i s not consistent with i t s f i n a l buckled shape. This 
example i s shown schematically i n Figure 52 with other s i m i l a r 
configurations. , By monitoring the p r e c r i t i c a l shape of columns with 
discrete devices along the column, then the s e n s i t i v i t y of the buckling 
loads towards such i n i t i a l deflections can be estimated and accounted 
for i n t h e o r e t i c a l computations. 
C l e a r l y , i t i s impractical to u t i l i s e as many recording devices 
as transducers i n t h i s application and there i s a requirement to switch 
between transducers. This may be carried out mechanically dr 
e l e c t r o n i c a l l y and transducers may be continuously activated or pov/ered 
only when they are being monitored. Since the matrix of CFRP exhibits, some 
v i s c o - e l a s t i c behaviour • at room temperature then i t may be necessary to 
monitor the transducers with l i t t l e time delay between each. The e f f e c t 
i s small however, as observed from load-displacement c h a r a c t e r i s t i c s 
obtained from t r i a l tests on Batch I material i n which loads were seen 
to f a l l by 2-3% during interruptions of the t e s t . A more important 
consideration i s that of the transient behaviour of s t r a i n gauges a f t e r 
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Fig.52 Ini t ial def lec t ions due to imperfect boundary conditions 
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a c t i v a t i o n when used i n conjunction with a poor thermal conductor such 
as CFRP. For consistent r e s u l t s i t i s best that strain- gauges are 
activated continuously and that the t e s t i s carried out without 
interruption up to the point of i n t e r e s t be i t observed buckling or 
catastrophic f a i l u r e . With these points i n mind i t was decided that 
testing, of the columns would be continuous and a data-acquisition 
system would be developed to be used i n conjunction with r e s i s t i v e 
bridge s t r a i n gauges and l i n e a r variable displacement transducers 
(LVDT) which i s outlined i n the following section. 
6.2 The Data Recording System 
A schematic of the complete data-logging- system i s shown i n Figure 
53 from which i t i s . c l e a r that there are three main sections:, a m u l t i ­
channel a m p l i f i e r ; an interface; and a mini-computer. The a m p l i f i c a t i o n 
system was designed and constructed by the author and i s shown with a 
monitor i n Plate VI. Each amplifier i s interchangeable and may be 
designed f o r a s p e c i f i c task. Those shown i n the plate consist of 
seven i d e n t i c a l s t r a i n gauge bridge amplifiers and one load c e l l 
f i l t e r / a m p l i f i e r . The design and performance of these units are 
described i n Appendipes IV and V f o r the s t r a i n gauge and load c e l l 
a mplifiers respectively. The bridge amplifiers u t i l i s e a constant, low 
driving voltage f o r the s t r a i n gauge networks which i s obtained from a 
s t a b i l i s e d supply. F u l l or h a l f bridges can be accommodated and v/ith a 
maximum output of + 10 v o l t s give a range of s e n s i t i v i t i e s from 0.05 
v o l t s / u s t r a i n to 0.001 v o l t s / ] i s t r a i n . The use of a constant low d r i v i n g 
voltage prevents transients i n switching s e n s i t i v i t i e s and prevents 
heating of gauges on the non-conductive CFRP.. The load c e l l f i l t e r / 
a mplifier consists of a low gain active f i l t e r u nit designed to convert 
the amplitude modulated 1 KRz signal from the Instron Universal Test 
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Machine load' c e l l a m p l i f i c a t i o n system to a do signal compatible with 
the data logging instrumentation. 
The system interface was designed and constructed by members of 
the School of E l e c t r i c a l Engineering at Plymouth Polytechnic and was 
connected d i r e c t l y to the amplifier section when i n operation. The 
computer section consists of a D i g i t a l PDP8/F mini-computer (8K-word). 
A programme was written which enabled the system to multiplex, sample 
convert and store data from eight channels within 200 micro-seconds 
with a f a c i l i t y to set the required dwell time between sampling. A 
l i s t i n g of t h i s programme and i t s usage are given In Appendix "VI. A 
t o t a l of 300 samples of eight channels are taken during programme 
execution a f t e r which the data are punched on eight track tape i n 
f l o a t i n g point decimal format for processing at a l a t e r date and possibly 
u t i l i s i n g another computer. Some examples of the post-processed r e s u l t s 
are given i n Appendix X.. • . - •... 
6.3 Miniature Section Preparation and Testing 
The manufacture of the miniature' CFRP channel section i s outlined 
i n chapter I I I i n which i t i s concluded that the material q u a l i t y was 
very poor owing to the apparent inabili-ty of the f i b r e tows to merge 
with one and other during the pultrusion. • of such t h i n v/alled sections. 
Although the wa l l thickness i s only 1 mm, the geometrical proportions 
are such that the member would be classed as a thick walled section and 
many of the foregoing t h e o r e t i c a l considerations are not s t r i c t l y 
applicable. However, i t i s conceivable that sections of these proportions 
could f i n d applications i n specialised mechanisms i n which high s p e c i f i c 
properties are an important consideration.and the test r e s u l t s from the 
miniature channels contribute to the understanding of the behaviour of 
such members. 
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The cross-sectional geometry indicates that l o c a l modes of 
i n s t a b i l i t y would hot be expected and i t was apparent that, provided , 
the flanges remained of reasonable proportions, then fle'xural buckling 
was not a l i k e l y mode either. Thus, the. test instrumentation v/as 
required only to monitor central rotations of the columns under 
compressive loading. Two dc-dc LVDT's manufactured by Sangamo'-Weston-
were u t i l i s e i d to monitor these rotations, during t e s t . A schematic of 
the t e s t apparatus i s shown i n Figure 54 where i t i s shown how the 
s p a t i a l l i m i t a t i o n s of -fche transducers were overcome by u t i l i s i n g a 
simple extension bar adhered to the web of the channel section. 
Chahhels of various cross-sectional dimensions were obtained by 
machining material from the flange t i p s of the pultruded sections. 
P a r t i c u l a r care was required here to prevent damage of the section 
owing to the inherent weakness of the material i n the transverse 
d i r e c t i o n . Columns were cut to length with an excess of 50 mm to 
allow f o r the end constraints. B u i l t - i n conditions were achieved by 
casting the columns i n t o s o l i d c i r c u l a r cylinders of epoxy r e s i n 
nominally 40 mm diameter and 25 mm deep. The channels were held i n a 
j i g while each end was cast to ensure alignment. The r e s i n cylinders 
f i t t e d d i r e c t l y i n t o hollow s t e e l cylinders attached to the loading 
plat-fcens of an Instron Universal Test Machine. 
6.4 Miniature Sections Test Results and Discussion 
Each column was loaded continuously up to f a i l u r e at a rate of 
0.5 mm/minute while the signals from the LVDT's and the test machine 
load c e l l v/ere recorded d i r e c t l y using a Bryans two pen XY p l o t t e r . A 
t y p i c a l r e s u l t i s shown i n Figure 55 from which data- has been extracted 
i n order to produce the Southwell diagram of Figure 56. This l a t t e r 
figure indicates a slope of 3.2 kN for the higher values of r o t a t i o n 
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.Fig.55 Typical Southwell plot for miniature CFRP channels 
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which corresponds to the asymptotic load indicated i n Figure 55 i . e . 
the buckling load of the column. The r e s u l t s f o r a range Of columns 
obtained i n a s i m i l a r manner are summarised i n Table 12 and the 
remaining Southwell diagrams derived from rotations are given i n 
Appendix X. Included i n t h i s table are the t h e o r e t i c a l predictions 
fo r the corresponding c r i t i c a l loads of the channels obtained with and 
without consideration of shear e f f e c t s . 
I t i s c l e a r from t h i s table of r e s u l t s that the measured buckling 
loads a l l f a l l below the t h e o r e t i c a l predictions by s i g n i f i c a n t 
proportions - as much as 40% in.some cases. I t i s also apparent that 
there i s a general trend f o r the error to decrease with increasing 
column length. This may be a t t r i b u t a b l e to a number pf f a c t o r s , some of 
which are outlined below. As seen from Figure 55 the load-displacement 
c h a r a c t e r i s t i c s of the tested columns consisted of an i n i t i a l l a t e r a l 
displacement at low load levels followed by a non-linear displacement 
response with increasing load superimposed by the r o t a t i o n a l response 
of the f i n a l buckling mode. Thus the column behaves i n i t i a l l y as a 
beam-column with an i n i t i a l perturbation and f i n a l l y buckles i n a 
t o r s i o n a l - f l e x u r a l mode. The e f f e c t of the perturbation must be to 
reduce the load carrying a b i l i t y of the column but i t i s not p r a c t i c a l 
to estimate the reduction t h e o r e t i c a l l y since the nature of the 
disturbance i s not completely defined. 
A further, more basic consideration i s the accuracy of t h e o r e t i c a l 
r e s u l t s for these geometries. As has been mentioned, the section should 
r e a l l y be classed as thick-wailed and many of the geometrical constants 
u t i l i s e d i n the calculations become inaccurate w h i l s t the t h e o r e t i c a l 
considerations break down for such geometries. The assumed end 
conditions were not t r u l y .achieved i n practice since the columns were 
constrained i n a large volume of material with a r e l a t i v e l y low modulus 
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TABLE. 12 
Torsional-Flexural Buckling Loads for Miniature CFRP Channels 
P i Experiment Theory 
X + 
P c r i t P c r i t P c r i t 
• (kN) • (kN). (kN). 
1,875 ' 1.125 7.5 41.33 11.61 
2.5 1.125 * 
6.4 
23.7 9.82 
3.125 1.125 5.38 15.54 8.19 
5.0 1.125 3.225 6.69 4.9 
5.625 1.125 3.2 5.49 4.24 
6.25 1.125 3.273 4.64 •i3-.72 
1.875 0.875 6.4 34.28 11.29 
2.5 0.875 5.77 19.91 9.39 
3.125 0.875 5.76 13.25 7.74 
3.75 0.875 4.73 9.63 6.4 
1.875 0.625 7.2 25.73 10.86 
2.5 0.625 5.5 15.4 8.82 
3.125 0.625 4.88 10.61 7.17 
Common dimensions: 
t=lmm b^ =4mm 
X c l a s s i c a l theory 
+ shear ef f e c t included 
* f a i l u r e , load, buckling i n d i s t i n c t 
179 
and' some end r o t a t i o n was anticipated. Again the o v e r a l l e f f e c t of 
these considerations i s complex and has not been computed here. The 
implications .of -tiie r e s u l t s however are that design factors of two or-
more would not be unreasonable for analyses of CFRP columns of such 
proportions subject to b u i l t i n end conditions. 
6.5 Standard Section Preparation and Testing 
The pultruded section was cut into one metre lengths immediately 
af t e r production f o r ease of handling. P r i o r to test each length was 
cut to i t s required length i.e.the desired column length plus 50 mm to 
allow f o r the encastre ends. Gutting was performed u t i l i s i n g a handsaw 
with a hardv/ood packing- piece inserted between the flanges to prevent 
damaging of the section. A s i m i l a r process was used to remove material 
from the flanges to obtain the required flange/web r a t i o . B u i l t - i n end 
conditions were u t i l i s e d f o r a l l tests since t h i s prevented end crushing, 
or brushing of the fibrous material and was expected to give the 
maximum buckling loads for the columns. These conditions were obtained 
by casting the channel sections .intp epoxy r e s i n (Ciba Geigy MY753:/MY956) 
s o l i d c i r c u l a r cylinders approximately 40 mm diameter and 25 mm deep. 
An alignment j i g was u t i l i s e d to locate the columns during the curing 
of -the r e s i n which was carried out at room temperature for 24 hours. An 
example of channels being cast into the r e s i n cylinders i s shown i n Plate 
VII. 
When both end cylinders had f u l l y cured they were machined to a 
diameter of 38vl mm (.l-;5 inches) to give a s l i d i n g f i t i n t o the s t e e l 
cylinders attached to the loading plattens of an Instron Universal 
Testing Machine. The end faces of the cylinders were also machined 
" u n t i l -the complete CFRP cross section was exposed. This served to 
ensure p a r a l l e l i s m between the load bearing faces and tha-fc the a x i a l 
load was transmitted d i r e c t l y from the column to the loading platten 
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and the r-esin cylinders served prima r i l y as l a t e r a l constraints. A 
range of columns manufactured from Batcb 11 material are shown with 
t h e i r machined end cylinders i n Plate'VIII.' F i n a l l y , crossed f o i l 
r e s i s t i v e s t r a i n gauges type FCA-10 manufactured by Kenkynjo were 
bonded to both surfaces of the web^  at the centre of each column using 
CN type adhesive from the same manufacturer. The surface of the 
column was abraded with 600 grade wet or dry paper before application 
of the. gauges which were aligned with the a x i a l and transverse directions 
of the column. 
A l l s t r u t s were tested using an Instron Universal Test machine i n 
which loads were monitored, using a s t a t i c a l l y c a l ibrated load c e l l and 
amplification system with load ranges from 200-iOOOO kg. The l a t e r a l 
deflections of the central regions of the columns Were monitored using 
two LVDT type transducers mounted on a r i g i d frame attached to the t e s t 
machine bed. These transducers were of the dc/dc type- and were mounted 
p a r a l l e l to each other for a l l tests as shown i n Plate IX in. v/hich one 
set of s t r a i n gauges can also be seen.. 
Once positioned i n -fche test machine the strain, gauges at the centre 
of the column were connected to the am p l i f i c a t i o n system. Gauges on the 
inner and outer surfaces of the web i n the a x i a l d i r e c t i o n were connected 
i n a single, bridge network to monitor bending s t r a i n s . Gauges i n the 
transverse d i r e c t i o n were connected to monitor d i r e c t surface s t r a i n s . 
Each amplifier was calibrated s t a t i c a l l y before operation and the s t r a i n 
range was chosen such that the output voltage would not exceed +_ 10 v p l t s 
during t e s t . The ranges were estimated by loading the st r u t s to about 
25% t h e o r e t i c a l buckling load and monitoring the r e s u l t i n g s t r a i n s . The 
load c e l l a m p l i f i e r / f i l t e r was adjusted to give 10 v o l t s output at f u l l 
scale f o r the chosen load range. The displacement transducers \iere 
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c a l i b r a t e d using sl i p - gauges and v/ere connected d i r e c t l y to the data 
logging system. Thus a t o t a l of s i x information channels were u t i l i s e d 
for each test:, the remaining two available channels were intended f o r 
additional displacement transducers but these were riot available at the 
time of t e s t i n g . 
The controliing.programme for. the- d'ata-xecording system detailed 
i n Appendix VI, was written such that a l l eight channels; were sampled 
within 200 micro-seconds and the period between each, set of samples, or 
scan, was approximately 0.9 seconds. 300 scans were executed i n t o t a l 
giving an approximate running time of 4.5 minutes during which the 
st r u c t u r a l t e s t i n g has to be completed. In order to determine the 
crosshead speed required to s a t i s f y t h i s c r i t e r i o n , a single s t r u t was 
tested by loading up to about 75% buckling load repeatedly a t d i f f e r e n t 
strain: rates. The resul-fcs indicated that no s i g n i f i c a n t differences 
i n load displacement c h a r a c t e r i s t i c s were to be expected for the range of 
crosshead speeds u t i l i s e d (0.2 - 2.0 mm/minute) and"that a speed o f 
0.5 mm/minute would guarantee buckling f o r the shortest, column 
within the sp e c i f i e d time. 
In addition to the information recorded by the data logging system, 
the load-crosshead movement c h a r a c t e r i s t i c was monitored on the chart 
recorder of the te s t machine and the load l a t e r a l displacement response 
was monitored using a Bryans two pen recorder. From the l a t t e r information 
i t was possible, to stop the test I n many cases before f a i l u r e of the 
column but a f t e r s u f f i c i e n t d e f l e c t i o n to determine the buckling load of 
the column. This was' p a r t i c u l a r l y evident f o r columns subject to 
ov e r a l l i n s t a b i l i t y but, f o r l o c a l buckling, reference to the observed 
shape pf the column was necessary to prevent f a i l u r e . Using these 
techniques columns could be re-tested i f necessary and i t was found i n 
most cases l i t t l e difference i n load displacement c h a r a c t e r i s t i c s were 
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observed. However, some permanent damage i s l i k e l y during i n i t i a l 
loading due to single f i b r e f a i l u r e s which could be heard d i s t i n c t l y 
at high load l e v e l s . 
The recorded data (eight track, paper tape) were processed using 
a Fortran programme on an ICL 1900 series computer. Appropriate scale 
factors were used to convert the data to the required units and graph 
plots of load versus s t r a i n or load versus displacement-were produced 
for each data set using an o f f l i n e drum graph-plotting f a c i l i t y . From 
these plots the mode of buckling was determined and the data reprocessed 
to obtain the relevant Southwell diagrams.. These were also produced using 
an o f f l i n e p l o t t i n g f a c i l i t y and buckling loads were obtained from measured 
gradients of the curves. 
6.6 Standard Section Batch I Test Results and Discussion 
A series of str u t s was manufactured and tested from the Batch- I 
material. Although the material q u a l i t y was known to be poor, these 
tests were considered important f o r the preliminary investigations of 
the test method. The data recording system described above was not used 
for the majority of these tests since i t s manufacture was not complete. 
The loads were applied i n a continuous fashion however, and displacements 
and/or surface s t r a i n s were monitored on a series of XY recorders. 
For s t r u t s buckling i n pure flexure, i t was found that the load/ 
displacement c h a r a c t e r i s t i c from the central region of the column used 
i n conjunction with the Southwell method gave good estimates of the 
column buckling loads. A t y p i c a l load against l a t e r a l displacement curve 
i s shown i n Figure 57. The figure indicates that i n i t i a l l y a. s i g n i f i c a n t 
displacement, A,^  takes place for a small increase i n load. This i n i t i a l 
displacement i s due to the imperfect end r e s t r a i n t s causing an i n i t i a l 
curvature of the s t r u t . As the load i s further increased, a t y p i c a l 
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beam column c h a r a c t e r i s t i c i s evident, becoming assymptotic to the 
c r i t i c a l load f o r the column. By p l o t t i n g the displacement A against 
A/P, the Southwell diagram of Figure 58 i s obtained. As the displacement 
i s increased i t i s seen that the Southwell diagram tends to a s t r a i g h t 
l i n e , the gradient of which gives-the c r i t i c a l load f o r the column. 
Results obtained i n t h i s way were found to compare favourably with the 
assymptotic values of the corresponding load/displacement diagrams. 
The intercept with the displacement, axis of the Southwell diagram 
suggests the magnitude of the i n i t i a l curvature of the s t r u t . This 
however cannot be d i r e c t l y related to the i n i t i a l displacement A ^ due 
to the end moments, since i t i s based on an assumed d e f l e c t i o n function, 
which need not be met i n p r a c t i s e . 
Similar r e s u l t s were obtained by considering the surface s t r a i n s at 
the c e n t r a l region of the s t r u t when buckling i n pure flexure. Graphs of 
lo n g i t u d i n a l s t r a i n s for the inner and outer surfaces of the v;eb versus 
the applied load are .shown i n Figure 59. The difference between these -fcwo 
curves i s a measure of the bending of the s t r u t and i s plotted i n Figure 
60. The Southwell diagram obtained from t h i s r e s u l t i s shown i n Figure 
61 and i s seen to be l i n e a r , with a gradient of magnitude s l i g h t l y ' 
higher than the maximum load attained during buckling. 
I t was found that f o r t o r s i o n a l - f l e x u r a l i n s t a b i l i t y the load/ 
central r o t a t i o n c h a r a c t e r i s t i c was s u f f i c i e n t to predict the column 
buckling loads. Using two dc/dc LVDT type transducers located at the 
central region of the s t r u t as shown i n Plate VII, characteri.stics such 
as that shown i n Figure 62 v/ere obtained. The difference betv/een the 
two displacement curves gave a measure of the twist of the s t r u t , and 
i s p l otted i n Figure 63. The Southwell diagram from t h i s r e s u l t is. 
shown i n Figure 64-, and i s seen to be l i n e a r above a c e r t a i n r o t a t i o n . 
The gradient of t h i s curve compares favourably with the assymptotic 
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Fig.62 Latera l displacements during torsional- f lexural buckling 
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value obtained, from the load/twist c h a r a c t e r i s t i e . 
I t was also found that for f l e x u r a l and t o r s i o n a l - f l e x u r a l 
buckling, a p l o t of mean compressive s t r a i n , against applied load, was 
l i n e a r u n t i l the p r e - c r i t i c a l deflections became s i g n i f i c a n t . Furthermore 
the gradient Of t h i s curve gave a measure of the lo n g i t u d i n a l compressive 
modulus of the s t r u t materia.1. The accuracy of t h i s method i s dependent 
on the magnitude of the p r e - c r i t i c a l d e f l e c t i o n s , and on. the degree of 
homogeneity of the section material.. 
Direct comparisons with r e s u l t s from t e n s i l e tests suggests that 
difference's of 10% are l i k e l y . 
The determination of the c r i t i c a l load f o r l o c a l i n s t a b i l i t y using 
the Southwell method from the load/displacement c h a r a c t e r i s t i c was found 
to be impractical. The i n i t i a l curvature of the column, the v a r i a t i o n 
i n material properties around the cr.oss-section, and the effects of 
imperfect end r e s t r a i n t s were such that the column was sub.jected to 
large deformations during loading and the method of Southwell i s no 
longer applicable. 
A t y p i c a l load d e f l e c t i o n c h a r a c t e r i s t i c i s shown i n Figure 65. 
The onset of l o c a l deformations i s indicated by the d i s t i n c t change i n 
gradient of the curve. Clearly i t i s not possible.to estimate the 
c r i t i c a l load f o r the s t r u t , from the load/displacement c h a r a c t e r i s t i c 
since the i n i t i a l curvature and boundary conditions cannot be completely 
I d e n t i f i e d i n order to postulate the c h a r a c t e r i s t i c from- large 
deformation theory, 
A method for determining the experimental buckling stress of simply 
supported GRP plates presented by Banks (112) consists of noting the 
magnitude pf the stress at which the s t r e s s / s t r a i n curve becomes v e r t i c a l . 
Several CFRP struts have been tested using t h i s method, and a t y p i c a l s t r e s s / 
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s t r a i n graph i s shown i n Figure 66. Here the strut, f a i l e d by cracking 
of the web before the c r i t i c a l load had been attained and a postulated 
path to i n s t a b i l i t y has been included i n the figu r e . 
Assuming that the behaviour of a channel section s t r u t i s governed 
by the flanges, then the s t r u t s t i f f n e s s can be expected to reduce by 50% 
of more a f t e r buckling. A t y p i c a l load/deflection curve i s shown i n 
Figure 67, v/here the d e f l e c t i o n has been obtained from the cross-head 
movement of the t e s t i n g machine and includes' any deflections of the test 
bed. The premature f a i l u r e of the s t r u t material once again prevents an 
accurate estimate of the c r i t i c a l load from the graph. Other methods 
such as .monitoring the bending st r a i n s i n l o n g i t u d i n a l or transverse 
d i r e c t i o n s , have been attempted, and although these appear more sen s i t i v e 
to p r e - c r i t i c a l deformation, an accurate estimate of the c r i t i c a l load v/as 
np.t obtainable Owing to "the non-linear behaviour of the columns. 
A. range of twenty columns manufactured from Batch I material was 
tested during the programme and the r e s u l t s are tabulated i n Table 13. 
These r e s u l t s have been plotted i n Figure 68 v/hich includes the 
theo r e t i c a l bounds between buckling modes determined i n Chapter IV. 
I t can be seen from t h i s figure that the apparent bound between 
t o r s i o n a l - f l e x u r a l and l o c a l buckling modes for Batch I material 
corresponds clo s e l y with the t h e o r e t i c a l l y determined boundary. Flange-
web r a t i o s less than 0,4 have not been included i n t h i s diagram but within 
t h i s region theory and experiment produce only f l e x u r a l buckling modes for 
the- lengths of columns considered. From Table 13 however i t i s c l e a r that 
the discrepancies between theory and experiment are i n many cases large. 
The mechanical properties assumed for the t h e o r e t i c a l predictions are 
obtained from Table .9 and are 'the average section properties f o r Batch I I 
material. Since, the Batch I maiterial i s known to be i n f e r i o r and the 
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TABLE 13 
Stock No. 
Buckling Loads for Standard CFRP Channels 
Batch I 
Experiment 
P c r i t Mode cr 
u l t 
Theory 
(kN) (N/miii^ ) 
P c r i t 
(kN) 
Mode 
1 1.235 0.167 10.4 F 118* 10 F 
6 1.235 0.167 10.1 F 121* 10 F 
8 1.728 0.167 6.3 F 85 5 F 
7 2.222 0.167 3,9 F 53 3 F 
8 2,222 0.167 4.0 F 55 3 F 
10 1.728. 0.5 30.3 T/F 260 59 T/F 
1 1,235 0.611 29.9"^ L 239* 71 L 
1 1.235 0.611 36'. O"^  L 288 71 L 
2 1.728 0.611 41.6 T/F 280* 62 L 
3 1.728 0.611 42.1 T/F 336 62 L 
2- 2.222 0.611 32.0 T/F 251* 40 T / f 
3 2.222 0.611 30.6 T/F 234 40 T/r 
10 2.716 0.611 23.5 T/F 174* 34 T / F 
9 1.235 1.056 25.5"^ L 147 45 L 
4 1.235 1.056 . 21.1-^ L 123 45 L 
4 1.728 1.056 23.5"^ L 151 41 L 
5 1.728 1.056 26.0"*" L 174 41 L 
5 2.222 1.056 25.0'^ L 160 40 L 
9 2.222 1.056 22.5''* L 137 40 L 
6 2.716 1.056 20.5"^ L 131 39 L 
Common Dimensions: 
t = 2.5 mm- = 22.5 mm 
* unloaded before f a i l u r e : tabulated values are maximum sustained 
stresses 
+ buckling load i n d i s t i n c t ; tabulated values indicate i n i - t i a l 
observation of buckle or ultimate load 
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mechanical properties are known to vary around the sectioh, i n both 
material stocks then some discrepancies are anticipated f o r such 
comparisons as i n Table 13. In. many cases, more than one test has been 
car r i e d out for a p a r t i c u l a r geometry and i t may be observed that 
discrepancies between buckling loads for two s i m i l a r columns are 
generally less than -10%. The d i s p a r i t i e s cannot be- attributed to any 
one factor and may be due to incorrect i n t e r p r e t a t i o n of Southwell 
diagrams, varia t i o n s i n mechanical properties and geometry from one 
section to another, and variations i n the loading conditions. I t i s 
shown i n Chapter I I I that variations of more than 10% have been observed 
i n mechanical properties of Batch I I material suggesting that the 
differences i n buckling loads observed here are mainly attributed to 
these v a r i a t i o n s . The implication then i s that the test conditions are 
reasonably consistent. 
In contrast to the tendency for experimental buckling loads to be less 
than t h e o r e t i c a l predictions for t o r s i o n a l - f l e x u r a l and l o c a l modes, the 
measured f l e x u r a l buckling loads exceed t h e o r e t i c a l predictions. This 
may be attri b u t e d to a series of inaccuracies i n the t h e o r e t i c a l 
computations which become enhanced f o r sections with very low flange-
web r a t i o s . One of the contributory factors i s the assumed expression 
for the second moment of area about the y axis given i n Appendix I which 
underestimates the exact value f o r the section with low flange-web 
r a t i o s by about 12%. The second moment of area i s further underestimated 
by ignoring the presence of corner r a d i i and the true section thicknesses 
which i n general are greater than the assumed nominal thickness of 2.5 mm 
by as much as- 6%. F i n a l l y , the f i b r e d i s t r i b u t i o n around the section i s 
such that considerable increases i n lo n g i t u d i n a l t e n s i l e modulus are 
2 
observed i n the web over the assumed average value of 210 kN/mm. . Table 
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1 indicates that measured values 30% greater than the average have been 
obtained f o r the Batch I I material. In the struts that buckled by 
flexure the section dimensions .were such that the behaviour was governed 
by the web. properties and corresponding elevations i n the buckling, loads 
were expected. 
Conversely, the consistently low buckling loads f o r s t r u t s 
buckling i n other than pure flexure i s considered due to the lower 
mechanical properties found i n the flanges of the section which play a 
governing r o l e i n determining the i n s t a b i l i t y of large flanged sections. 
In addition, i t i s shown i n Chapter IV that reduced buckling loads may 
be expected due to eccentric loading or, i n the case of b u i l t - i n end 
conditions, the presence of i n i t i a l d e f l e c t i o n perturbations. The 
effect of varying properties on the l o c a l buckling behaviour i s considered 
i n chapter V i n which a CFRP channel section i s analysed using uniform 
and non-uniform properties t y p i c a l of the experimental findings.. The 
re s u l t s indicate a reduction i n c r i t i c a l load of 8.4% f o r the section 
considered but the analysis does not include the e f f e c t of p r e - . c r i t i c a l 
deflections and s i g n i f i c a n t l y greater reductions are to be expected i n 
practise as demonstrated i n the r e s u l t s of Table 13. The t h e o r e t i c a l 
re s u l t s presented i n t h i s table are given only as a guide to the expected 
behaviour and are subject to the approximations of the expressions given 
i n .Appendix I , the true sectional dimensions and mechanical properties, 
the effectiveness of the end constraints, and consideration of the 
i n i t i a l perturbations. 
6.7 Standard Section batch I I Test Results and Discussion 
- The range of sections shown i n Plate VTII were tested according to 
the procedures outlined i n section 6.5 and the r e s u l t s are summarised 
i n Table 14. As fOr the Batch I sections tested previously, the 
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TABLE 14 
Buckling Loads for Standard CFRP Channels 
Batch I I 
Stock No., P-i ^2 Experiment Theory 
P c r i t Mode O „ - ,u ,,r ^  
ult. p P e n t Mode 
(N/mm ) (kN) 
14 1.235 0.389 51.1 F 365 65 F 
14 1.728 0.389 40.1 F 275 41 F 
17 2.222 0.389 24.7 F 210* 28 F 
15 1.235 . 0.611 54,4"^ L 435 71 L 
15 1.728 0.611 51.8 T/F 336* 62 L 
19 2.222 0.611 39.0 T/F 276* 40 T/F 
16 1.235 0.833 48.0"^ L 347 94 L 
16 1.728 0.833 44.5 T/F 250* 84 L 
20 2.222 0.833 41.1 T/F 250* 57 L 
Common Dimensions: 
t = 2.5 mm = 22.5 mm 
* unloaded before f a i l u r e ; tabulated values are maximum sustained 
stresses 
+ buckling load i n d i s t i n c t ; tabulated values indicate i n i t i a l observation 
of buckle or ultimate load 
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t h e o r e t i c a l buckling loads exceed the observed values by up to 50%. 
But,comparing the re s u l t s for sections common to both Tables 13 and 
14, the Batch I± r e s u l t s show a general improvement i n buckling loads 
of about 20% which may be attributed to improved mechanical properties 
and geometry. S i m i l a r l y , inspection of the f a i l u r e stresses f o r the 
corresponding sections indicates an a b i l i t y to sustain loads i n Batch I I 
sections that had caused f a i l u r e i n the Batch I stock. The buckle modes 
are indicated i n Figure 68 with those from the Batch I test r e s u l t s . 
Where p a r t i c u l a r geometries have been tested using both materials the 
modes are seen to correspond., The apparent t r a n s i t i o n between 
t o r s i o n a l - f l e x u r a l and l o c a l modes of i n s t a b i l i t y indicated by the 
experimental r e s u l t s does not comply with the t h e o r e t i c a l predictions 
of Chapter IV shown i n Figure 68. The impli c a t i o n i s that the long-wave 
modes of i n s t a b i l i t y are more sen s i t i v e to imperfections than the l o c a l 
buckling modes such that the t o r s i p n a l - f l e x u r a l buckling load i s reduced 
more than the l o c a l buckling load and the column buckles p r e f e r e n t i a l l y 
i n an o v e r a l l mode. 
The load-strain and load-displacement c h a r a c t e r i s t i c s obtained by 
post processing the data recorded during test using the data logging 
f a c i l i t y have been summarised i n Figures 69, 70 and 71 for f l e x u r a l , 
t o r s i o n a l - f l e x u r a l , and l o c a l modes of buckling respectively. From the 
f l e x u r a l buckling response i t i s apparent that not only may the 
longitudinal bending s t r a i n s and l a t e r a l displacements give a measure 
of the column buckling loads but that the transverse s t r a i n can also 
give an i n d i c a t i o n of the onset of i n s t a b i l i t y . A sim.ilar statement 
may be made about the. t o r s i o n a l - f l e x u r a l behaviour but i n t h i s case 
i t appears simplest to u t i l i s e the displacement response of the column 
for buckling load estimates. For l o c a l i n s t a b i l i t y the re s u l t s i n 
Figure 71 do not indicate whether any of the c h a r a c t e r i s t i c s would be 
203 
AO 
Sbo 4so /MitftS* -ISO woo I50 o / ^ t o T 
(a) X^= 0.389 e i= 1-235 
p. 
H 
40 
p 
(b) 0.389 1.728 
^-1 1 • r— 7-^0+ 1—^- 1 T t-^°-i •- ' ' ' ^-1 » . , 
-too o Aoo i-oa yUitMiA _;^ oo -is-o 400 -$b ^ i(tthj 
(c)Aa= 0.389 (3^ = 2.222 
Fig.69 .Strain and displacement character is t ics during 
f lexural buckl ing 
204 
i—I 1 1 1 1 ^.04 r 1 . i^-fe-M 1 1 1 '1 > 
-too 0 400 4.00 ton /<4»«U ••loo -300 -400 -lOo o^^^-O. -I -o-« o ^^^^ 
(a) Ai= 0.6H- Q^^r728 
-1 
(b) \ = 0.511 (° =2.222 
7 
(TfC«.ASV<.^'54.^  
-3oo -100 -too o -l-O rO-*" -o-tC O 
{c)X.,= 0.833 e^=1.728 
30. 
(d) X =^ 0.833 ei= 2.222 
F ig .70 Strain and displacement cl iaracter ist ics during 
torsional-f lexural buckling 
205 
(a) X,= 0.611 6^ = 1.235 
(b)X;i=Q.833 =1.235 
Fig . 71 Strain and displacement charac te r i s t i cs during 
local buckl ing 
206 
amenable to in t e r p r e t a t i o n for buckling load estimates since f a i l u r e 
occurs early i n the load h i s t o r y f o r these cases. An example of 
the o r i g i n a l graphical resul-ts f o r a single column as produced by 
computer i s given i n Appendix X together with the Southwell diagrams 
produced from the load-displacement c h a r a c t e r i s t i c s of columns during'"' 
-test. 
6.8 The Ultimate Load Capacity of Standard Specimens 
I t i s apparent from Tables 13 and 14- that there i s l i t t l e post-
buckling strength for any of the range of CFRP channels that have been 
tested. Indeed, in. many cases, the str u t s have f a i l e d c a t a s t r o p h i c a l l y 
at loads w e l l below the th e o r e t i c a l buckling loads owing to t h e i r 
i n a b i l i t y to accommodate s i g n i f i c a n t p r e - c r i t i c a l deflections-. The 
magnitudes of the section mean stresses at f a i l u r e f a l l v;ell below the 
2 
assumed compressive strength of 712 N/mm proposed i n Chapter I I I . . 
This again i s a t t r i b u t a b l e to the bending and shear stresses induced 
during p r e - c r i t i c a l deformation. The improved material quality and 
geometry of the Batch, I I material does show an improvement i n both 
measured buckling loads and ul-fcimate stresses over those of the i n f e r i o r 
Batch I material. Thus the r e s u l t s of Table 14 may give a more reasonable 
i n d i c a t i o n of design safety factors that ought to be used with such a 
material. Although fa i l u r e , stresses are as low as 30% compressive 
strength, buckling loads do not f a l l below 50% t h e o r e t i c a l expectations 
and i t i s the l a t t e r which i s governing i n selecting design safety factors. 
The exception to -this w i l l occur for -shorter columns where the t h e o r e t i c a l 
buckling stress i s above the compressive strength of the section and -
f a i l u r e w i l l occur p r i o r to buckling. Columns i n t h i s category were not 
tested i n t h i s programme of work and i t i s therefore not possible to 
estimate suitable design factors on strength. 
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The modes of f a i l u r e observed show a general correspondence to' 
the deformation mode of the column under load. Columns buckling by pure 
flexure consistently f a i l e d at t h e i r mid-sections normal to the f i b r e 
d i r e c t i o n . An example i s shown i n Plate X where a channel section 
having proportions X ^ = 0.1667, = 2.222, i s seen buckling by 
flexure with f a i l u r e occurring at i t s mid-length. In t h i s mode,, f a i l u r e 
i s undoubtedly associated with the low compressive strength of the 
material, although f a i l u r e was apparently instantaneous, i t i s believed 
that i n i t i a t i o n occurred at the flange t i p s . 
T o r s i o n a l - f l e x u r a l buckling modes were observed i n the longer 
columns and were -seen to f a i l be l o n g i t u d i n a l s p l i t t i n g which predbminently 
occurred along the flange-web junction. An example of such behaviour i s 
shown f o r a column with X = 0.611, Q. = 2.222, i n Plate XI. I t i s 
believed that t h i s f a i l u r e mode i s governed by the inter-laminar shear 
strength of the material which i s p a r t i c u l a r l y low i n uni.:direc-fciona;l 
materials. The r e s u l t i n g structure a f t e r f a i l u r e i n t h i s manner continues 
to have some load carrying a b i l i t y a l b e i t considerably reduced and 
unlike the f l e x u r a l f a i l u r e s which become discontinuous i n the a x i a l 
d i r e c t i o n . 
y Failures Of columns buckling i n a l o c a l manner were also governed 
by l o n g i t u d i n a l s p l i t t i n g but could be divided into two categories. The 
f i r s t occurred i n shorter columns where only a single central s p l i t 
developed r e s u l t i n g i n two angle sections. An example, i s shown i n 
Plate XII where a column of proportions X ^ = 1.056, p = 1.728 i s seen 
buckling into three half-waves before f a i l u r e . Again, the structure 
retains a load carrying c a p a b i l i t y a f t e r f a i l u r e which may be 80% or more 
of that causing the i n i t i a l s p l i t . The other mode observed with l o c a l l y 
buckled columns was s i m i l a r to that observed i n t o r s i o n a l - f l e x u r a l modes 
208 
FLEXURAL INSTABILITY OF CFRP CHANNEL SECTION COLUMN PLATE X 
TORSIONAL - FLEXURAL INSTABILITY OF CFRP CHANNEL 
SECTION COLUMN 
PLATE XI 


consisting of long i t u d i n a l s p l i t s developing at or near the flange-web 
junctions. This can be observed i n Plate X I I I where a column of 
^2 = 1.056 P-j_ = 2.222 i s seen buckling i n t o three half-waves before 
f a i l u r e . 1-iie load carrying a b i l i t y a f t e r f a i l u r e i n t h i s case i s 
generally l e s s than 20% of that to cause s p l i t t i n g . I t can be seen 
from Plates XII and XII I that the l o c a l buckling wavelength i s about 
four times the web width as i s implied i n the t h e o r e t i c a l development i n 
Chapter IV. I t v/as also noted that the specimen shov/n i n Plate X l l to 
f a i l by s p l i t t i n g along the centre of the web was manufactured from the 
stock material reference number 5 which i s shown i n Plate I to suffer 
from l o c a l thinning of the section at the centre of the web. I t i s 
probable that the presence of t h i s weakness was contributory to t h i s mode 
of f a i l u r e but i t was found that longer columns manufactured • 1 from 
s i m i l a r material that underwent l o c a l buckling, during t e s t consistently 
f a i l e d by s p l i t t i n g at the flange-web junctions,. The implication i s that 
central s p l i t t i n g of short columns and flange-web s p l i t t i n g of long 
columns i s a general trend for the family of columns investigated. 
6.9 Conclusions 
A range of CFRP channel section columns have been tested i n a x i a l 
compression subject to encastre end conditions. The measured buckling 
loads have been compared v/ith t h e o r e t i c a l predictions derived i n e a r l i e r 
chapters. For sections with small flanges, buckling modes are f l e x u r a l 
and t h e o r e t i c a l predictions underestimate buckling loads owing to 
approximations i n expressions for section constants and low values 
assumed for material properties. For sections with larger flanges, 
torsional-r-flexural and l o c a l modes of buckling are exhibited and buckling 
loads tend to f a l l short of t h e o r e t i c a l predictions. In these cases the. 
i n s t a b i l i t y of the sections i s sensitive tO p r e c r i t i c a l deflections such 
that buckling loads are depressed and i n many cases columns anticipated 
to buckle l o c a l l y p r e f e r e n t i a l l y buckle i n torsion cum flexure, In 
addition, t h e o r e t i c a l predictions tend to be high since the low 
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mechanical properties of the flanges have been ignored. For columns 
-with s i g n i f i c a n t flange-web r a t i o s , the t h e o r e t i c a l computations include 
an approximate account of shear deformation which i s considerable f o r 
such orthotropic materials where the l o n g i t u d i n a l direct-shear moduli 
r a t i o i s very high. More rigorous examination of these effects may 
r e s u l t i n further reductions i n c r i t i c a l loads. 
In design, however i t i s necessary to ensure conservatism i n 
analysis and the implications of the test r e s u l t s presented herein are 
that safety factors on loads of two or more are desirable. The high-
s p e c i f i c s t i f f n e s s of the material coupled .with i t s r e l a t i v e l y low 
strength, p a r t i c u l a r l y i n transverse d i r e c t i o n s , prevents the accommodation 
of large s t r a i n s during buckling. .As a r e s u l t i t i s frequently not 
possible to achieve t h e o r e t i c a l buckling loads owing; to premature f a i l u r e 
of the material. This i s p a r t i c u l a r l y evident f o r sections buckling by 
torsion cum flexure or by l o c a l i n s t a b i l i t y when f a i l u r e i s governed by 
a low shear strength and l o n g i t u d i n a l s p l i t t i n g occurs. Considerable 
caution should therefore be applied i n the design of structures 
manufactured from undirectional CFRP when t o r s i o n a l or l o c a l modes of 
i n s t a b i l i t y are anticipated. • I t must also-be remembered that the- regime 
i n which these modes of i n s t a b i l i t y are anticipated extends we l l beyond 
those normally associated with i s o t r o p i c material counterparts. Due to 
these, considerations, l i t t l e post-buckling strength i s exhibited and 
should not be included i n design for -fchese materials. 
Encastre end conditions have been u t i l i s e d throughout the test 
programme and have been achieved by casting the columns i n epoxy r e s i n 
s o l i d c i r c u l a r cylinders which are constrained i n s t e e l cylinders during 
t e s t . This simple procedure has an a b i l i t y to accommodate i n f i n i t e l y 
variable cross-section geometries and was p a r t i c u l a r l y suited to the present 
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study i n which' the columns under test did not have consistent geometrical 
forms. The low s t i f f n e s s of the r e s i n i s f e l t to contribute to the 
depression of the o v e r a l l buckling loads by increasing the e f f e c t i v e 
lengths of the columns. The e f f e c t can only be quantified by 
considering the t o r s i o n a l and f l e x u r a l r e s t r a i n i n g s t i f f n e s s of the 
r e s i n f o r each section geometry considered. 
A data recording system based on a PDP8/F mini computer has been 
developed f o r use during the t e s t i n g of columns. The f a c i l i t y allov/ed 
for continuous a c t i v a t i o n of s t r a i n gauges with low d r i v i n g currents 
such that transient and steady state heating effects were eliminated. 
Tests were carri e d out i n a continuous fashion and data were, processed a f t e r 
t e s t to produce graphical p l o t s of the recorded data and Southwell 
diagrams for the determination • of buckling loads v/here appropriate. 
Up to eight recording channels were available but were not u t i l i s e d 
f u l l y owing to a lack of available instrumentation. 
Southwell diagrams based on l a t e r a l deflections or lon g i t u d i n a l 
surface strains were u t i l i s e d to evaluate buckling loads for columns i n 
flexure and r e s u l t s compared favourably with the asymptotic loads of the 
c h a r a c t e r i s t i c s from which the Southwell diagrams were derived. Central 
column rotations were u t i l i s e d i n Southwell diagrams for t o r s i o n a l -
f l e x u r a l i n s t a b i l i t y and again gave good correlations with the o r i g i n a l 
load-rotation c h a r a c t e r i s t i c s . Several methods for determining the 
buckling loads for l o c a l i n s t a b i l i t y have been considered but r e s u l t s have 
been d i f f i c u l t to obtain owing to s i g n i f i c a n t p r e c r i t i c a l deformations 
and f a i l u r e s during the present test work. I t i s clear that the Southwell 
method gives a simple procedure f o r determining buckling loads where 
applicable but that i t i s necessary to achieve the buckle load during 
t e s t to ensure accuracy with the method which gives estimates that 
converge from above as the observed buckling load i s approached. In 
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the present study where the materials under te s t cannot accommodate • 
large s t r a i n s t h i s .is frequently not practi-sal and tests have been 
stopped p r i o r to f a i l u r e and consequently buckling loads are over­
estimated. 
The te s t work outlined i n t h i s chapter has been by no means 
exhaustive and te s t r e s u l t s indicate s i g n i f i c a n t deviations from theory 
i n many cases. This work, however has contributed to the general 
understanding of the i n s t a b i l i t y behaviour of t h i n walled columns 
manufactured from t h i s very specialised material and i t i s hoped w i l l 
serve as a useful guide to-those wishing to embark on further experimental 
studies of -this nature. 
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CHAPTER- yil.o. 
DISCUSSION AND RECOMMENDATION 
The purpose of the work described i n t h i s d i s s e r t a t i o n has been 
to consider the f e a s i b i l i t y of the use of i j n i d i r e c t i o n a l CFRP i n thihp 
walled open section columns- subject to compressive a x i a l loads. One 
of the f i r s t considerations has been i n the manufacture of such sections 
and i s one that has produced problems which have hot been completely 
resolved and point towards possible areas of future research work. 
The pultrusion process described i n Chapter I I I i s one v/hich lends 
i t s e l f r e a d i l y to the continuous production of u n i d i r e c t i o n a l f i b r e 
reinforced thin-walled sections. Alternati-ye moulding techniques 
available are extremely labour intensive i n comparison and material 
quality f a c t o r s ^ . such as f i b r e alignment, exh i b i t greater v a r i a t i o n s 
than i n the continuous process. The combination of carbon f i b r e and 
epoxy r e s i n has been d i f f i c u l t , to pultrude i n practise and various 
anomalies such as non-uniform f i b r e d i s t r i b u t i o n s , l o c a l i s e d thinning, 
section d i s t o r t i o n s , voids, and surface defects have been observed 
during the present study. Many of these have been overcome by develop­
ment but f i b r e volume fractions have been consistently lower i n the 
flanges than i n the web of the section. I t i s suggested that i n order 
to obtain more uniform f i b r e fractions closed sections be pultruded 
which can be machined to give the required open sections. Not a l l 
open sections are amenable to such a production method but u n t i l the 
mechanism for producing the non-uniform f i b r e d i s t r i b u t i o n s i s f u l l y 
understood and can be eliminated i t i s suggested that t h i s a l t e r n a t i v e 
be considered for future i n v e s t i g a t i o n . The occurrence of surface defects 
i n some pultruded specimens was extremely disturbing and suggested the 
presence of a residual stress system which induced cracking when the 
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section was cut to length. The presence of re s i d u a l stresses has not 
been investigated i n t h i s studybut i s one of considerable importance 
since both i n s t a b i l i t y and f a i l u r e can be affected. I t i s conceivable 
that a simple stress r e l i e v i n g heat treatment i s s u f f i c i e n t to a l l e v i a t e 
the problem. 
The implication that closed sections with two or more symmetry 
planes give improved f i b r e d i s t r i b u t i o n s and geometries oyer sections 
with low order symmetries i s a severe l i m i t a t i o n to the pultrusion. 
process at present. An a l t e r n a t i v e which could be used i n pultrUsion 
of open thin-walled sections i s to introduce a minimum amount of f i b r e s 
i n the transverse d i r e c t i o n . These need not be of the same material 
as the long i t u d i n a l f i b r e s and can be interwoven between the longitud­
i n a l tows to serve p r i m a r i l y as a r e s t r a i n i n g mechanism preventing 
migration of the a x i a l f i b r e s around the section. Clearly, some 
modification, of the pultrusion r i g i s required to accommodate woven 
f i b r e tapes rather than f i b r e bundles. Early development work on the 
pultrusioh technique at AERE Harwell u t i l i s e d tapes rather than tows 
with reasonable success' and the modification i s considered worthy of 
inves t i g a t i o n . I t may be added that other benefits are to- be had by 
the introduction of transverse f i b r e s i n the s t r u c t u r a l performance of 
the resultant sections and t h i s i s considered l a t e r . 
The mechanical properties of the pultruded sections have been 
determined by mechanical tests on sections cut from stock material. 
Test coupons have been removed from both flanges and the web. of the 
section and the measured properties show considerable v a r i a t i o n be.tween 
each. These differences correlate with the non-uniform f i b r e d i s t r i b u ­
tions mentioned above and are an undesirable feature of the columns that 
have been tested. Strain gauge techniques have been used f o r the 
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majority of te s t methods with moderate success. P a r t i c u l a r care i s 
required when using bonded stra.in gauges with CFRP owing to the low 
thermal conductivity of the material, the poor adhesive q u a l i t i e s and 
the high d i r e c t i o n a l s e n s i t i v i t y of the gauge locatio n . The f i r s t two 
considerations have been minimised by u t i l i s i n g low d r i v i n g currents 
and careful preparation of"the material surface f o r bonding. Since 
the location of the gauges i s carr i e d out by hand then there i s 
inevitably some misalignment between gauge and specimen parti c u l a r l y 
for the very small gauges used i n the present test, programme. This 
leads to scatter i n r e s u l t s over and above the anticipated v a r i a t i o n 
i n properties between specimens and the implications are that force-
displacement methods of property measurement would give more consistent 
results, than s t r e s s - s t r a i n type evaluations. This i s confirmed by 
the small degree of scatter obtained, from the shear modulus measure­
ments i n which rotations-due to an applied torque were monitored.. 
Clea r l y , i n these types of mechanical t e s t s , the measurement i s one of 
an average property f o r the specimen whereas s t r a i n gauge techniques are 
very l o c a l i s e d measurements and specimen homogeneity must be assured f o r 
confidence i n the r e s u l t s . In the material under inves t i g a t i o n , l o c a l ­
ised r e s i n r i c h areas, voids, and random f i b r e orientations were common 
and the above c r i t e r i o n was frequently not met. 
I t i s these phenomenon that may well have controlled the very high 
degree of scatter observed i n the measured Poisson's r a t i o r e s u l t s 
although t h i s has not been proven. I t i s , however w e l l known that 
Poisson's r a t i o i s a d i f f i c u l t property to measure accurately and that 
t h i s i s only enhanced by the high degree of anisotropy and l i m i t a t i o n 
i n specimen size f o r the present investigation. For future work on 
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structures of a s i m i l a r nature to those considered here, i t i s advised 
that larger specimens:.- with increased s t r a i n gauge lengths be u t i l i s e d 
wherever,..- possible. This would r e s u l t i n better gauge,.- alignment and 
l o c a l anomalies become small i n comparison to the gauge lengths. In 
view of these uncertainties, which have also been highlighted by other 
workers, there i s . a need to consider further the measurement techniques 
most applicable to small specimens of highly anisotropic materials. 
The o p t i c a l areal analysis technique described i n the text has 
been demonstrated as a simple method of f i b r e , matrix, and void f r a c t i o n 
estimation f o r carbon f i b r e composites. Specimens are e a s i l y polished 
to give adequate c l a r i t y of fibre-matrix boundaries and the use of 
automatic analysis r e s u l t s i n accurate and consistent areal f r a c t i o n 
measurements. Clea r l y , i t i s a basic assumption that the fibre-matrix 
system i s continuous i n the d i r e c t i o n normal to the plane of analysis. 
Voids apparent i n the section have been found to extend only short 
distances i n the f i b r e d i r e c t i o n and for the low void fractions that 
have been observed i n the improved Batch I I material are considered 
not to effect the mechanical properties s i g n i f i c a n t l y . . These voids 
however are inva r i a b l y associated with low f i b r e vblume fr a c t i o n s and 
thus a corresponding f a l l i n mechanical properties of the region. I t 
has been found that p a r t i c u l a r care i s required i n po l i s h i n g and 
analysing sections with s i g n i f i c a n t void f r a c t i o n s since void areas 
miay become enhanced during preparation and the extent of the flaw may 
not be clear during microscopical observation. Considerable e f f o r t has 
been given to the minimisation of these e f f e c t s i n the present study 
but future emphasis should be placed on the elimination of voidage- i n 
the pultruded material. 
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The t h e o r e t i c a l analysis of the buckling behaviour of u n i d i r e c t i o n a l 
CFRP has demonstrated several parameters which are governing. The very 
high r a t i o of l o n g i t u d i n a l direct-shear moduli r e s u l t s i n longer- columns 
buckling by t o r s i o n a l modes rather than by pure flexure. Correspondingly, 
the high r a t i o of p r i n c i p a l d i r e c t moduli promotes l o c a l buckling i n 
long -columns i n which the wavelengths are -fcypically foUr timies the web 
dimension. This i s i n contrast to the behaviour of i s o t r o p i c columns 
i n which l o c a l I n s t a b i l i t y i s confined to short columns and buckled wave­
lengths are about the same dimension as the v/eb. In addition, the low 
shear modulus r e s u l t s i n s i g n i f i c a n t shear deformation during buckling 
and the column c r i t i c a l loads are depressed i n consequence. An approx­
imate analysis has been presented to include these effects and i t i s 
observed that considerable c r i t i c a l load reductions are estimated f o r 
shorter columns buckling i n an o v e r a l l mode. For l o c a l i n s t a b i l i t y the 
effect i s less s i g n i f i c a n t and i s a function of the constituent plate 
thicknesses. 
The analysis of l o c a l i n s t a b i l i t y behaviour has received greatest 
attention i n t h i s work and has culminated i n the presentation of a 
graphical method-of obtaining the buckling c o e f f i c i e n t s f o r a range of 
generally orthotropic thin-walled sections subject to simply supported 
or b u i l t - i n end conditions. The method i s approximate but the error 
for the majority of materials i s insignifican-fc i n comparison with 
variations i n buckling loads met i n practise and i t is, fel-fc that the 
method i s a suitable basis f o r design subject to suitable safety factors. 
The v a r i a t i o n i n p r a c t i c a l buckling loads can be a t t r i b u t e d to 
a range of factors most of which act simultaneously..'. . E f f e c t s such as 
imperfect end r e s t r a i n t s , eccentric loading, and i n i t i a l curvature have 
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been considered i n the text. These e f f e c t s , where quantified, have been 
been based on c l a s s i c a l b i f u r c a t i o n theory, which i n many cases i s not 
s t r i c t l y applicable. I t has been noted that exclusion of p r e c r i t i c a l 
deflections i n . determining c r i t i c a l loads f o r columns buckling i n 
t o r s i o n a l modes due to eccentric loading can r e s u l t i n overestimates. 
I t e r a t i v e techniques f o r computing these effects have been presented 
i n the l i t e r a t u r e and i t i s recommended that these be investigated 
further i n r e l a t i o n to the present work. S i m i l a r l y , the c r i t i c a l 
loads f o r f l a t plates subject to varying edge stress d i s t r i b u t i o n s 'are 
available i n the l i t e r a t u r e but.little-work has been presented for the 
l o c a l instabili-fcy of f l a t plate structures subject to non-uniform 
loads. I t i s recommended that future investigations be directed towards 
the analysis of the l o c a l and long-wave i n s t a b i l i t y of orthotropic f l a t 
plate structures subject to eccentric loads and or i n i t i a l perturbations 
with p a r t i c u l a r emphasis on the in-fceraction between buckling modes. 
This would enable the s e n s i t i v i t y of such structures towards o f f s e t 
loading and other effects met i n practise to be quantified i n an effort, 
to produce suitable design safe-fcy factors- f o r buckling charts. 
I t should be noted that the concept of a c r i t i c a l load f o r instab­
i l i t y i s a t h e o r e t i c a l one and that i f large d e f l e c t i o n analysis be 
performed to account f o r i n i t i a l perturbations and off s e t loads then 
c r i t i c a l loads, p a r t i c u l a r l y f o r l o c a l i n s t a b i l i t y , w i l l not be d i s t i n c t . 
I t then becomes important to consider material strengths i n order to 
evaluate the load carrying capacity of the column. In theory i t i s 
possible f o r f l a t plate structures to support loads f a r i n excess of 
t h e i r c r i t i c a l values and factors pf f i v e have been demonstrated 
experimentally for GRP plates i n the l i t e r a t u r e . However, each material 
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must be considered on i.ts ovm merits and i t i s l i k e l y that the 
combination of high s t i f f n e s s and low strength' w i l l r e s u l t i n 
p r e c r i t i c a l f a i l u r e s . In order to predict these occurrences i t i s 
necessary to have a more complete understanding of the mechanisms of 
f a i l u r e i n composite materials.. The r e s u l t s of u n i a x i a l tests presented 
i n the l i t e r a t u r e suggest that f a i l u r e i s governed by a shear mechanism. 
I t seems quite reasonable then to u t i l i s e a Tresca f a i l u r e c r i t e r i o n 
for design purposes as has been proposed by several workers. The 
experimental evidence to confirm these assumptions i n m u l t i a x i a l stress 
states i n lacking however and seems an obvious area f o r further work. 
The numerical methods presented i n t h i s work have been confined 
to the analysis of l o c a l i n s t a b i l i t y i n f l a t : plate structures and the 
re s u l t s have been i n good agreement with the a n a l y t i c a l predictions. 
The use of the f i n i t e difference method has been investigated for single 
plates where numerical i l l - c o n d i t i o n i n g , of the structural, matrices 
made solutions i n e f f i c i e n t . Although various means of overcoming t h i s 
have been proposed there seems l i t t l e merit i n further development of 
the method, i n t h i s a pplication since there are many commercially 
available f i n i t e element programmes which have the required sol u t i o n 
c a p a b i l i t y . An early version of the PAFEC 70+ f i n i t e element programme 
has been used i n t h i s work with a high degree of success. 
I t has been mentioned previously that shear deformation consid­
erations become important when dealing with specialised, materials such 
as- CFRP and i t i s t h i s e f f e c t which i s lacking i n the present numerical 
study. F l a t plate elements which include transverse shear deformation 
effects have been proposed by several authors and the use of such 
elements seems a l o g i c a l next step i n the use of numerical methods. 
S i m i l a r l y , beam elements have been developed which include shear 
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deformation ef f e c t s and could be u t i l i s e d i n the investigation of 
ov e r a l l buckling modes. The in t e r a c t i o n between o v e r a l l and l o c a l 
buckling modes has been accounted f o r by the use of the F i n i t e S t r i p 
method by various' authors. I t i s not clear whether this-technique 
could be adapted to include shear effects owing to the deflection-
assumptions upon which the method i s based. This consideration i s 
worth investigation since the method i s extremely powerful i n deter­
mining the i n s t a b i l i t i e s of f l a t plate structures. 
The s t r u c t u r a l t e s t i n g of the pultruded sections has demonstrated 
three d i s t i n c t modes of i n s t a b i l i t y .as predicted by theory. Flexural 
and t o r s i o n a l f l e x u r a l modes "were exhibited during o v e r a l l buckling and 
the corresponding buckling loads were determined by the use of Southwell 
diagrams derived from the cen t r a l displacement and ro t a t i o n character­
i s t i c s respectively. Columns buckling by l o c a l deformation were 
observed to have lo n g i t u d i n a l wavelengths approximately four times the 
web width corresponding to t h e o r e t i c a l predictions. The determination 
of the buckling loads for most cases of l o c a l i n s t a b i l i t y was found 
impossible due to. s i g n i f i c a n t p r e c r i t i c a l deflections and premature 
f a i l u r e . The measured buckling loads, where av a i l a b l e , f o r t o r s i o n a l -
f l e x u r a l and l o c a l modes were found to be well below t h e o r e t i c a l 
predictions. " 
Several effects were contributory to these observations; some 
related to the mechanical and geometrical properties of the columns 
and others related to the t e s t procedure. The former effects have 
been considered previously i n r e l a t i o n to the manufacture of t h i n -
walled sections from CFRP. The load-displacement c h a r a c t e r i s t i c s for 
the majority of columns tested shov/ed tha:t s i g n i f i c a n t l a t e r a l d e f l e c ­
t i o n occurred at low l e v e l s i n d i c a t i n g tha-fc i n i t i a l curvature was 
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being introduced into the columns through the test apparatus. I t i s 
recommended that fo r future t e s t work the columns are cast into epoxy 
r e s i n cylinders as f o r the present work but to considerable less depth 
and that the columns are tested i n a purpose b u i l t r i g which allows 
the ends to rotate about any axis normal to the column. In addition 
i t i s suggested' that the test f a c i l i t y includes an a b i l i t y to adjust 
the p o s i t i o n of the column centroidal axis with respect to the point 
of end r o t a t i o n . This r e s u l t s i n a t e s t procedure which achieves 
simply supported end conditions with warping restrained and enables 
eccentric loads to be eliminated or to be measured p r e c i s e l y . The 
purpose of the cast cylinders i n t h i s case would be again to o f f e r 
an i n f i n i t e l y variable constraint to the column at i t s ends and to 
prevent l o c a l damage or brushing of the ends but to o f f e r l i t t l e 
r e s t r a i n t to deformation of the column during buckling. I t i s a n t i c i ­
pated that i n t h i s manner experimental buckling loads may be achieved 
much closer to t h e o r e t i c a l predictions. 
During the present series of tests both s t r a i n galuges and 
displacement -transducers were u t i l i s e d and data was manipulated through 
a laboratory b u i l t a m p l i f i c a t i o n and data recording system. This 
proved most rewarding f o r the ease with which recorded da-ta was processed 
and presented i n graphical form. In addition, tests were carri e d out 
i n a continuous fashion and the saw tooth responses evident i n incremen­
t a l loading tests were eliminated. The combination of transducers 
proved adequate for monitoring o v e r a l l modes of buckling but a l l data 
logging channels were not u t i l i s e d and i n s u f f i c i e n t information was 
recorded f o r columns e x h i b i t i n g l o c a l i n s t a b i l i t y . I t i s suggested 
that several more displacement transducers are used i n future test work 
where l o c a l i n s t a b i l i t y i s envisaged. In contrast, art array of s t r a i n 
gauges may be used i n experimental studies of the f a i l u r e strengths of 
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CFRP columns which i t has been demonstrated i s a study.of s i m i l a r 
importance to that of column i n s t a b i l i t y when i t comes to design f o r 
operation. 
I t has been suggested that the introduction of f i b r e s i n the • 
transverse d i r e c t i o n could serve to improve the material q u a l i t y . In 
addition the presence of tranverse f i b r e s "would improve, both the 
handling properties of the material and the.structural performance, 
The present u n i d i r e c t i o n a l material i s extremely sensitive to transverse 
bending loads which can e a s i l y arise i n handling or impact during service 
to r e s u l t i n catas.trophic f a i l u r e . Introduction of s i g n i f i c a n t prop­
ortions of transverse f i b r e s would r e s u l t i n as elevation of transverse 
and shear s t i f f n e s s of the material and a corresponding lowering of the 
a x i a l s t i f f n e s s . Thus overall, buckling- loads v/ould be reduced while 
l o c a l buckling loads would be increased such that l o c a l i n s t a b i l i t y 
modes would be confined to shorter columns. In association with these 
changes i t i s l i k e l y that the post-buckling strength of the columns 
would be increased. 
Thus, the development of the pultrusion process to include trans­
verse f i b r e s coupled with the r e s u l t s of other areas of. research described 
previously should r e s u l t i n an a b i l i t y to manufacture an optimum design 
of section f o r s p e c i f i c applications. I t i s f e l t that the work presen­
ted herein i s of a preliminary nature on the road of research towards 
a better understanding of the behaviour of these exci-fcing materials. 
Both advantages and weaknesses have been discussed i n t h i s work which 
has been l i m i t e d to the study of u n i d i r e c t i o n a l materials but the 
author believes that most of these weaknesses can be overcome by design 
and looks to the future when these materials w i l l be seen more frequently 
i n s t r u c t u r a l applications. 
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APPENDIX I 
GEOMETRICAL PROPERTIES OF CHANNEL SECTION COLUMNS 
Geometries o f p a r t i c u l a r i n t e r e s t to t h i s work have ;been l i m i t e d 
to channel sections with a uniform wall-thickness which i s assumed 
small i n comparison with other dimensions of the section. Consider 
the channel cross-section shown i n Figure l a . 
The section i s singly symmetric having the Z axis as the symmetry 
axis with the centroid and shear centre located on t h i s axis at points 
0 and S respectivel3'-. The following geometric parameters can be 
defined i n terms of the dimensions given i n the figur e : 
3b, 
^E " b + 6b, b, . 2b2 
z = - 2„ + Z^  
E G 
I._ 
z 
tb. 
r = 
tb 2b. + b-
— — ( — -) 
3 ^b^ + 
I + 1 + A. y z z 
'A 
t ^ 
3 (^-^b^) -
A t (bj^ + 2b2) 
t b / b 2 3b + 2b, 
——~ . . ) 
12 ^^2 ^ \ 
1.1 
0 = centroid. S = shear centre 
F i g . l a Channel sec t ion geometry 
i . i i 
APPENDIX I I 
GENERALISED HOOKES LAW FOR ANISOTROPIC BODIES' 
Consider a body subject to a complex stress state i n three 
dimensions such as that shown i n Figure I l a ; 
The stresses may be d i r e c t l y related to the str a i n s of the body 
assuming l i n e a r e l a s t i c behaviour by: 
a=. = c. .e, 
1 • . i j J 
where 
'. i =:1,6;;' j ,= 1,6 
The matrix C i s skew symmetric and i n the most anisotropic 
case, that of a t r i c l i n i c material, requires 21 independent terms 
to be evaluated. The inverse, of t h i s relation, i s used more frequently 
and i s written: 
•e. = s. .a. i = 1,6; j = 1,6 
where i s known as the compliance matrix. The present work has 
been concerned with three s p e c i a l forms of anisotropy; that of 
orthotrppic materials i n which three symmetry planes can be described; 
that of the transversely i s o t r o p i c material which i s i s o t r o p i c about 
one axis; and the f a m i l i a r i s o t r o p i c material. 
I I . i 
F ig . n a Three dimensional s t r e s s s ta te 
I I . i i 
For orthotropic materials the number of independent terms i n 
the compliance matrix i s reduced to nine as shown below: 
^11 
22 
13 
23 
33 
0 0 0 
0 0 0 
0 0 0 
0 0 
0 
66 
P a r t i c u l a r attention has been devoted here towards cinidirectional 
composite materials which are assumed to be transversely i s o t r o p i c with 
the isotropy plane normal to the f i b r e d i r e c t i o n . The number of 
independent terms required f o r the compliance matrix i s reduced 
further i n t h i s case to f i v e and i s given belov/: 
11 12 
22 
12 
^23 
S22 
0 
0 
0 
0 0 
0 0 
0 0 
0 0 
^66 0 
s 
66 
The compliance matrix for an i s o t r o p i c material becomes t r i v i a l 
requiring only two independent terms and w i l l not be repeated here. 
I I . i i i 
The terms of the compliance matrices are d i f f i c u l t to measure 
d i r e c t l y but may be expressed i n the more f a m i l i a r engineering terms 
of d i r e c t and shear moduli, Poisson'.s raitios-, Chentsov c o e f f i c i e n t s 
and other s t r a i n r a t i o c o e f f i c i e n t s . Those relevant to t h i s study 
are l i s t e d below: 
V -V _v 
o r J : ^ 23 „ 31 
S i = 
44-G23 ^ 55-G^3 '66-G_^2 
The subscripts for the engineering terms denote the load and s t r a i n 
directions i n accordance with the sign convention shorn (Fig Ila).^ For 
thin walled sections there i s generally l i t t l e i n t e r e s t i n the 
through thickness stress components and by assuming the section or 
plate raid-surface to coincide v/ith the 1-2 plane of the material some 
of the indices may be dropped. Thus the p r i n c i p a l inplane properties 
of an orthotropic plate can- be described as E^, E^, and G. These 
terms are used to define p r i n c i p a l plate r i g i d i t i e s D , D and D 
i n chapter IV. 
The r a t i o used i n the d e f i n i t i o n s of the plate r i g i d i t i e s 
is obtained from the r e l a t i o n : 
^1 ^ ^2 
I I . i v 
where i s the Poissons: r a t i o defined by the r a t i o of s t r a i n i n the 
2 d i r e c t i o n to s t r a i n i n the 1 d i r e c t i o n due to a d i r e c t load applied 
i n the 1 d i r e c t i o n ; and'^ ^ the r a t i o of s t r a i n i n the 1 d i r e c t i o n to 
s t r a i n i n the 2 d i r e c t i o n due to a load i n the 2 d i r e c t i o n . 
I I . V 
APPENDIX I I I 
LOCAL INSTABILITY OF STRUCTURAL SECTIONS 
II I . 1 Buckling of Single Plates 
Consider the plate shown i n Figure. I l l .a subject to a uniform 
end load P per unit length. The fundamental d i f f e r e n t i a l equation 
describing the displacement of the plate i n the Z d i r e c t i o n during 
buckling i s : 
3 '^w „ 8'^w „. 3^ w - ^ ,. > 
D • — + 2D -T—2 + D — 5 + P — =0 ( i ) 
I f the edges at x = 0 and x = a are simply supported, then, the 
solution i s assumed to be of the form: 
„/ ^ , mix ,. .. 
w- = f(y) s m — r — ( i i ) 
a 
Substituting into ( i ) gives 
.11 ,°1 /nlT,^ P x.,nTT,^  f ( y ) i ^ _ 2 ^ )^ f ( y ) ^ ^ + ( - i - ^ ) ( ^ ) f(y) = 0 
a U2 a a 
the roots of which are given by: 
a 
6 
nir D D D 
D, 
(_a J ^ l Vz 
( i i i ) 
I l l . i 
1 1 
X 
• 
> 1 
p. 
y 
F i g , m a Single plate conf igurat ion 
I I I , i i 
ahd the sol u t i o n of equation ( i ) becomes: 
W = (A^ cosh Cly + A^ sinh ay + cos 3 y + 
(iv) 
A^ sin3y) s i n ^ 
By considering two boundary conditions f o r each side of the plate 
there r e s u l t s a system of four simultaneous equations which may be 
written: 
Equating the determinant of the l e f t hand matrix to zero gives a 
single, equation i n a and 3 from which the c r i t i c a l loads may be 
evaluated. Of p a r t i c u l a r concern for the analysis of s t r u c t u r a l 
sections are the following boundary conditions for the plate sides; 
simply supported; r i g i d l y clamped; t o t a l l y free; and i n a plane of 
symmetry. The equations describing each of these conditions are 
derived below. 
Consider the condition of zero displacement of a side of the 
plate: 
w = 0 
I I I . i i i 
Substituting into equation (iv) r e s u l t s i n : 
cosh ay + sinh tty + A^ cos 3y + A^ s i n 3y = 0 (vi) 
For zero bending moment along the plate sid$ then; 
= 0 
which r e s u l t s i n : 
' ° 2 [^ 1 - ^ i ^ T ^ ^ ^ ^ ^ 2 " ^^^^^ ^ ^"^ 
( v i i ) 
- A3 (3^ + (^)2) cos 3y - A^ (3^ + ( l £ ) 2 ) 3in3y' = 0 
Zero r o t a t i o n at the plate edge i s described by:. 
aw 
3y 
= 0 
which r e s u l t s i n : 
A^a'sinhay + A a cosh a y — A 3 sin3y + A 3 cos 3 y = 0 ( v i i i ) 
I l l . - i v 
The condition of zero shearing force on an unrestrained side of 
the p l a t e . i s described by 
) - 2D, — ^ = 0 V " ^ = " 3 ~ ^^3 " 2 ^ ^2 — ^ - ^^k 2 
3x 3y 3X3y 
which r e s u l t s i n 
2 
^1 C ^ C ^ ) ^ (2D3-V^D2) - a ^D^) sinhtty + ( a ( 2 ^ ) 
2 
(2D3- v^D^) - ^h^) cosha y - 3(21-) ( 2 D 3 - D^) + 3 \ ) 
2 
s i n 3 y + A 4 ( 3 ( ^ ) (2D3 - ^ ^^ D^ ) +3 c°s3y = 0 (ix) 
The condition of zero shearing force on a side i n a plane of 
symmetry i s given by 
3 w^ 3^ w 
N = D * Do —I = 0 
y 3 o 2 2 3 
dx a-y <>7 
which r e s u l t s i n 
^1 ^"^V^ °3 ~ ^^ "'^  ^ ^2^ " ^ ^ ^ °3 " " \ ) ' 9 o s h ay 
2 2 
- A 3 ( 3 ( ^ ) D3 43 \ ) sin 3y + ( 3 ( ^ ) D3 + 3^0^) 
cos3 y = 0 (x) 
I I I . v 
By pearEariging these r e s u l t s and using the following i d e n t i t i e s 
2 2 
;t2 ^2 ^ ^ a ^  
0 3 + 
there r e s u l t s the following p a i r s of simultaneous equations 
corresponding to the various conditions of r e s t r a i n t on the sides of .the 
plate 
For conditions of simple support: 
cosha y + A^ sinhCty + A^ cos3 y +- A^ sing y = 0 
(xi) 
2 2 2 2 
A^ Y cOsh ay + A^Y sinhay - A^S cos3 y - 6 s i n gy = 0 
For r i g i d l y clamped conditions: 
A^ cosh ay + A^ sinh ay + A^ cos 3y + A^ si n 3y = 0 
(x i i ) .; 
A^ a sinh a y + A^ a cosh ay - A^ 3 s i n 3y + A^ gcos gy = 0 
For conditions along a free side: 
2 2 2 2 
A^ Y cosh :Cfer + A^ Y sinha y " A^ 5 cosg y - A^ 6 sin 3 y = 0 
( x i i i ) 
2 
*— 2 2 2 
A^ao sinh Oy + A^a^ cosha y + A^3Y sin3 y - A^^Y-Cosay = 0 
I l l . v i 
For conditions i n a plane of symmetry: 
A^a sinh a y + A|t cosha y - A^ 3 s i n 3 y + A^ cosgy = 0 
A^a sinha y + A^acosha y + A23 s i n 3y - A^ cos 3y= 0 
(xiv) 
These equations hold for the generally orthotropic plate simply supported 
along the loaded edges. In the. p a r t i c u l a r case of the i s o t r o p i c p l a t e , the 
r e l a t i o n s ( i l l ) reduce to 
a 
2 r 
- a D ^ a ^ 
A 
(xv) 
The solution for the c r i t i c a l load -is r e a d i l y obtained from the 
above r e s u l t s by substituting for y i n the relevant expressions. 
Consider, for example, a plate simply supported along the lon g i t u d i n a l 
sides y =0 , y = b, The determinantal equation f o r the c r i t i c a l end load 
of the plate may be obtained by su b s t i t u t i n g y = 0 and y = b into the 
expressions (xi) g i v i n g 
cosh ab 
Y coshab 
0 
0 
sinhab 
Y^sinhab 
1 
cos3 b 
-6c-os3 .b 
0 
0 
sin3b 
.6 sin3b 
= 0 
i l l . v i i 
M u l t i p l y i n g the second and fourth rows by b and w r i t i n g 
and 
=6 ^b^S 
(xvi) 
P 
q 
=ab ) 
) 
= 3b ) 
( x v i i ) 
gives the following determinantal equation 
cosh p 
r cosh p 
0 
0 
sinh p 
r^sinh p 
-s 
cosq 
2 
-s cosq 
0 
0 
sinq 
2 . 
-s sxnq 
= • 0 
which when expanded r e s u l t s i n 
- (r + s ) sinh p sinq = 0 
For s i m p l i c i t y , a short-hand notation to describe the plate side 
conditions w i l l be adopted here 
S = simply supported 
C = clamped 
Sy - i n a plane of symmetry 
Fr = force 
Taking terms i n brackets to represent conditions at the side y = 0 and 
terms outside brackets to represent conditions at the side y = b, then, 
for example, the behaviour of a plate with both sides simply supported 
I I I . v i i i 
i s described by the determinantal equation. 
(S) S = 0 
Using t h i s notation a range of expressions for single plates with side 
conditions of p a r t i c u l a r i n t e r e s t to the analysis of s t r u c t u r a l sections 
i s given below 
2 2 4 4 (S) Fr = (r +s )(qr sinh p cos q - ps cosh p s i n q) 
. 2i2 4 4 ^ k i 4 ^ 4 (C) Fr = - 2pqr' s +pq(r +s )cosh q cos q +(q r r-p s )sinh p 
s i n q 
(xvi 
(S) Sy = pq(r^+s^) cosh' ^ cos 
(C) Sy = - pq (p sinh | cos | + Q cosh ^ s i n ^) 
III . 2 I n s t a b i l i t y of .Structural"Sections 
The analysis of a large number of s t r u c t u r a l sections i s made 
simpler by considering the symmetry conditions of the sections. In t h i s 
manner the problem can be reduced to the analysis, of two or more plates 
joined at a common junction. Consider the general problem of a number 
of plates joined at a common junction as shown 
I l l . i x 
The follovdng assumptions are made for the plate configuration 
during buckling: 
(1) the junction y = 0 remains straight 
( i i ) the angle betv/een component plates remains constant 
Condition (1) may be written more generally as 
W 
y=o 
J r 
= 0 
and for condition ( i i ) 
3w 3 w 
^y 
y=o_ r 
y=0_ r+1 
= 0 
Equilibrium of moments about the common junction gives a further condition 
32 a 2 
^ / w . . d w^  
2 "^ '^ 1 —2^ 3 y 3 X y=0 
J 1 L_ 
^ t^v , , 3 w^^  
3 y ^3 x^ y=0 
w V 
^3x2^ 
= 0 
y=oJ n 
I I I . x 
The subscripts i n the above expressions re f e r to the number of the plate, 
Thus, for a system of n pla t e s , the above expressions y i e l d n, n-1, and 
1 equations respectively. The boundary conditions at the plate sides 
y=b^ y i e l d two equations for each plate r e s u l t i n g i n a system of 2n 
equations. Combination of these r e s u l t s y i e l d s 4n equations which, for 
the four-plate system shown r e s u l t s i n a matrix equation of the form 
a, b, c,- d, 
^2 ^ 2 ^2 ^ 2 
^3 \ =3 S 
^4 \ ^4 ^ 4^ % 'a ^A ^4 
^5 '5 ^5 
"6 ^6 ^6 
^7 '7 ^7 
^8 =8^8 "8 ^8 ^ 8 ^ 8 ^8 
^9 % ^9-^9--^ 9 -^9 
••^ '10^ 10 •'•10 ""lO 
•^ 11^ 11 •'•11 " " l l 
•^ 12^ 12 •'•12 ""12 
8^ 
13.^ 13 •'•13 ™13""l3" -°13P13-^ 13 
"14 °14Pl4 ^ 14 
"15 °15Pl5 ^15 
"16 °16Pl6 ^16 
where rows 1 and 2; -6 and 7; 11 and 12; and 15 and 16 define 
conditions at y = b respectively. Rows 3,5,10 and 14 indi c a t e 
no bending of the common junction y = 0. Rows 4,9, and 13 define equal 
I l l . x i 
rotations of the plates at the junction, and row 8 defines the equilib-r-
rium of moments at the junction. 
The expression for the r o t a t i o n of a plate at the junction i s 
obtained from equation ( v i i i ) s u b s t i t u t i n g for y = 0 which gives 
Thus, generally, the equality of rotations for tv/o plates may be written 
A^a + A^ g 
r+1 = 0 
Noting the r e l a t i o n s ( x v i i ) t h i s r e s u l t may be written 
- (A^P + A^q) 
-•r 
- (A^P 4 A^q) = 0 (xix) 
-J r+1 
The expression for the bending moment • at the common junction i s 
obtained from equation ( v i i ) by subs t i t u t i n g for y = 0 which r e s u l t s i n 
Noting the r e l a t i o n (xvi) the equilbrivmi of moments at the common 
junction may be written 
r D 
Lb 
rD 
2 /« 2 „ 2. 
2 ^^1.^ - ^3" ) 
rD 
1 L h 
- f ( a / - A^sh 
f ( a / . A3s2) 
_b _ j n 
= 0 (xx) 
I I I . x i i 
From the fourth order minors of the determinant i t i s jjossibie 
to. note same useful r e l a t i o n s . Since rows e^fggghg 
i d e n t i c a l 
(xxi) 
S i m i l a r l y , since rows Jg^g^g'^g IS^lS^'^ls'^lS also i d e n t i c a l 
-• •^ '9^ 10-^ 11™12 •^'lo'^ll-'-12'"l3 ( x x i i ) 
Using the s i m p l i f i e d notation suggested for describing single 
plate conditions and noting the r e l a t i o n s (xix) to ( x x i i ) the fourth 
order minors of the determinant .may be written 
^l'^2^3^4 1 (C)M, 
^1^2^3^8 (^) (S)M-
^ 1 
^5V7^8 {—) (S)M„ 2 
J 9 ^ 1 0 ^ l A 2 — (C)M^ 
^3 ^ 
D 
^8^^10^1-12 = ( J ^ ( S ) « 3 b 3 
"l3°14Pl5'5l6 _ 1_ (C)M. 
^^4 
I I I . x i i i 
^ 4 
where M represents the condition at the edge y 
r 
b on the r 
r 
t h 
p l a t e . 
Defining 
1_ i'^)r 
u , - ( V i 
and J^J^= X (b)^ r 
the determinantaL equation maybe written as 
(C)M^.(C:)M2.(C)M3.(G)M^. 
(S)M, 1 -(s^ a^ (S)M, 
2 2 
(S)M 
M, 
4 4 
= 0 
Cl e a r l y , the solutions (C)M^ = 0 are-not admissible since they 
imply perfect f i x i t y of a l l plates at the junction. Thus, by simplifying 
the notation further by l e t t i n g 
(S)M^ 
TCTM" C^^ M 
the r esu l t i s 
(-) 1-
1 2 2 
= 0 
3 3 4 4 
or more generally 
I I I . x i v 
1 ^ ^ 
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APPENDIX IV 
DESIGN OF A DC STRAIN GAUGE BRIDGE AMPLIFIER 
The am p l i f i e r was designed- with two stages; a high gain l i n e a r 
section and a low gain second order f i l t e r section. 741 type operational 
amplifiers were used i n each stage owing to the high gain and s t a b i l i t y 
obtainable wi-th these cheap devices. The c i r c u i t diagram for both 
stages i s shown i n Figure IVa, and the component l i s t i n g i s given i n 
Table IVa. The components were mounted on a standard racking p.c.b. 
the layout of which i s shown i n Figure IVb. 
The basic c i r c u i t diagram f o r the f i r s t stage of the am p l i f i e r 
including the r e s i s t i v e s t r a i n gauge bridge netv/ork i s shovm i n 
Figure IVc. 
When the bridge i s balanced 
R = R = R = R = Rfi 
1 2 3 4 
Let R be a single active gauge i n the network which changes resistance 3 
to R ( l + 6) Q . The output voltage E^ i s then given by 
E. = Rp .6; V ( i ) 
o 
RT ^2-^/(1.6 )^^/«F 
I f 6<<1 and R « R , t h i s can be s i m p l i f i e d to 
F 
E = V R ( i i ) 
IV . i 

TABLE IVa 
COMPONENTS LIST FOR STRAIN GAUGE BRIDGE AMPLIFIER 
VRl = loS .. (Multiturn) 
VR2 = 10 kfi (Mulyiturn) 
VR3 = 50 (Multiturn) 
VR4 = 10 kfi (Multiturn) 
CI = .033VI. F 
C2 = .033U F 
A l = 741 
A2 = 741 
SWl = 2 pole 2 way switch 
SW2 = 4 pole 3 way switch 
SW3 = 2 pole 6 way switch 
R15 = 120 kfl 
R16 = 62 kn 
R17 24 kJi 
R18 = 180 kfi 
R19 1.2 Mfl 
R20 — 240 kfl 
R21 = 1 MR 
Rl 120fi 
R2 = 120J2 
R3 m : 
R4 — i« : 
R5 — 120 n. 
R6 1.2 Mfi 
R7 620 kfi 
R8 240 kJi 
R9 120 kJi 
RIO = 62 kR 
R l l 24 kn 
R12 = 1.2 Mft 
R13 = 620 kfi 
R14 240 kn 
0.5 W metal oxide 2% 
0.5 W metal f i l m 10% 
0.5 W metal oxide 2% 
I V . i i i 
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F ig , H b Stra in gauge br idge amplifier component layout 
Fig . 12c Res is t i ve bridge amplifier 
Fig.-.EZld VCVS non- inver t ing amplifier 
C, 
F i g . IZq L o w pass f i l ter 
IV.V 
I f the change i n resistance of i s AR> then 
<S = AR ( i i i ) 
R 
But from s t r a i n gauge relationships 
AR = Gp.e.R (iv) 
where G_ = gauge factor 
e. = s t r a i n 
R = nominal resistance of the gauge 
Thus 5 = 6_.e (v) 
Resistive gauges i n most frequent use have a nominal resistance of 
120Ji and a gauge fac t o r of about 2. The drive voltage f o r the bridge 
network was set at a nominal "2 v o l t s . Using these values i n equations 
( i i ) and (v) gives the following 
= eR^ (vi) 
120 
The gain factor of the second stage was a r b i t r a r i l y chosen as 5 v/hich, 
with a maximum second stage output of 10 v o l t s , required a maximum of 
2 vo l t s output from the f i r s t stage. 
Thus the resistance R i s given by 
r 
= 240 ( v i i ) 
e 
IV,vi 
Six values of R-rt were calculated to give ranges of — 200-10000 micro-
r 
s t r a i n at maximura Output. 
The second stage amplifier was designed as a voltage controlled 
voltage source (VCVS) non-inverting a m p l i f i e r . The c i r c u i t diagram of 
a (VCVS,) am p l i f i e r i s shown i n Figure IVd. 
The gain -of such an amplifier i s given by the. simple 
re l a t i o n s h i p : 
In order to produce a low pass f i l t e r the VCVS c i r c u i t was 
s l i g h t l y modified to give that shown i n Figure IVe. 
The c h a r a c t e r i s t i c s of t h i s second order system are given as 
- K/R,R_C C 
o ^ 1 2 1 2 
" ^ ^ (RI: RV^ ^ ' " ' ^ ^ 2 ^ - fcR„C,C, 
1 1 2 1 " 1 2 1 2 
H = K (ix.) 
W = , 
o ( 
a = 2C = R^C^ + R^C^ + R^C^(l-K) 
(.R^ R^ c.G^ .) 
Using these relationships the f i l t e r section was designed i n the 
following manner. A convenient value of 0.033UF was chosed f o r 
C and C . The resistances R and R. i n the VCVS amp l i f i e r were 
I V . v i i 
chosen as 1 MJ2 and 250 kft respectively to give a nominal gain of 5 
(14 dB) . . 
The prime requirement of the section was to f i l t e r out unwanted 
si g n a l noise p a r t i c u l a r l y at mains frequency and above. A cut o f f 
frequency of 10 Hz was chosen and the damping fa c t o r , 5. taken 
conveniently as 0.75. The resistance was then calculated using 
the following r e l a t i o n s h i p 
• o 1 g, 2 
v/hich gave 
R^ = 1.3 WSl 
The resistance R^  was then calculated using the r e l a t i o n 
= 5 — (xi) 
0) .20 R^ 
o 2 
which gave 
R^ = 180 kQ 
As indicated i n F i g IVa, two s t a b i l i s e d voltage supplies were 
required for the system. The f i r s t was a dual r a i l supply V— which i s 
conveniently set at + 15 v o l t s and i s used to drive the operational 
am p l i f i e r s . The c i r c u i t diagram for the voltage regulator i s shown i n Fig 
I V . v i i i 
o 
240v 
o 
0+15V 
O l 5 v 
T1 
COMPONENTS LIST 
CI = 1000 yF 25 vwkg C4 = 0.1 yF 
C2 = 1000 yF 25 vwkg G5 
C3 = 0.1 yF C6 
10 y j 25 vwkg 
10 yF 25 vwkg-
RECl = Bridge R e c t i f i e r 
400V lA 
REGl = +15 Regulator 
100 mA 
T l = 15-0-15 Mains Transformer (6 VA) 
F ig . I E f Qp' amp' voltage supply c i rcu i t diagram 
with the components l i s t e d on the figure. The second supply i s 
required to drive the r e s i s t i v e bridge network with a nominal voltage 
of 2 v o l t s . The c i r c u i t diagram f o r t h i s regulator I s shown i n 
Fi g IVg and the components are l i s t e d beneath. The output c h a r a c t e r i s t i c 
under load f o r t h i s regulator was obtained before putting i n t o service 
and i s shown i n F i g IVh.. I t can be seen from t h i s figure that with the 
maximum of eight r e s i s t i v e bridges of 120ft nominal resistance being 
driven at one time gi v i n g an ef f e c t i v e load of 15ft , the output 
voltage f a l l s by less than 1% from i t s no load value. 
IV.X 
COMPONENTS LIST 
R l = 7-5 kfi hw 2% 
R2 = 2.7 kfi hw 2% 
R3 = 2kfi hw 2% 
R4 = 0.5 fi 3w 5% 
REGl 
C l = 5000 yF 25 vwkg 
C2, = 4 yF 16 vwkg 
C3 = 100 p 
T l = 2N3055 (PNP) with heatsink 
F ig . ISLq St ra in gauge voltage supply circuit d iagram 
Vo f 
(Volts) 
F i g . JHh Output character is t ic of strain gauge supply unit 
I V . x i i 
.APPENDIX V 
DESIGN OF A LOAD CELL SIGNAL FILTER/AND AMPLIFIER 
The output signal from the Instron Universal Testing Machine load 
c e l l a m p lifier has a frequency of 1 kHz and i s amplitude modulated, 
with a do s h i f t d i r e c t l y proportional to the load. The amplitude of 
the s i g n a l varies from 0.5 v o l t s peak to peak at zero load to 1.75 v o l t s 
at f u l l scale d e f l e c t i o n of the Instron chart recorder-. The dc l e v e l 
of the output s i g n a l varies from 0 to 1.0 v o l t s f o r the same load 
range. A f i l t e r / a m p l i f i e r has been designed to remove the high-
frequency component arid to increase the dc l e v e l range to 10 v o l t s . 
The c i r c u i t diagram i s shown i n Figure Va which includes a l i s t of 
components. The design gain of 20 dB was chosen to give 10 v o l t s 
output corresponding.to fsd of the Instron chart recorder. The 
analogue to d i g i t a l converter u t i l i s e d i n the multiplexing system 
i s not able to resolve signal v a r i a t i o n s l e s s than 5 mV and the f i l t e r 
was designed to remove any fluctuations greater than t h i s . Considering 
the zero load condition a gain of 20 dB r e s u l t s i n an output f l u c t u a t i o n 
of 5 v o l t s which would i n turn require an attenuation of - 60 dB at 
1 kHz to ensure that only the dc l e v e l was resolved by the -A/D converter. 
S i m i l a r l y at maximum load the 1 kHz voltage range would be 8.75 v o l t s 
(voltages greater than 10 v o l t s are not converted) requiring, an 
attenuation of - 64.86 dB for complete removal of the high frequency 
e f f e c t . The f i l t e r has been designed as a second order system with a 
cut-off of 40 dB/decade and a cut-off frequency of 10 Hz thus ensuring 
an attenuation of - 80 dB f o r the 1 kHz s i g n a l . The frequency response 
of the f i l t e r has been measured i n the laboratory and i s shown i n 
Figure Vb. The measured response i s seen to clo s e l y correspond to the 
design requirements. 
V . i 
COMPONENTS LIST 
R l = 120 M VRl = 50 kfi C l = .033 yF 
•R2 = 1.8 Mfi VR2 = 10 kfi C2 = .033 yF 
R3 = 1.2 Mfi A l = 741 Op Amp 
R4 = 85 kfi 
F i g . X a Load cel l s ignal f i l ter c i rcu i t d iagram 

APPENDIX VI 
A DATA STORAGE PROGRAMME FOR PDP8 SERIES MINI COMPUTERS 
A complete l i s t i n g of the programme with mnemonics and b r i e f 
descriptions i s given i n Table VI. For the user f a m i l i a r with machine 
code programming t h i s should, be s e l f explanatory. For those requiring 
ADDRESSES 0200 - 0207 
The multiplexer and A/D converter are controlled here and values 
obtained from the A/D are deposited i n store. The locat i o n of stored 
information is. set by using an i n d i r e c t addressing r e g i s t e r with 
automatic incrementing. 
ADDRESSES 0210 --0216 
The channel number i s set into the accumulator and the programme 
returned to 'sta r t ' u n t i l eight channels have-been read.. 
ADDRESSES 0217 - Q234 
There are three" counting loops i n t h i s sequence of in s t r u c t i o n s . The 
f i r s t two, 'fine counter' and 'course counter', are used to control 
the pause betv/een sampling. The t h i r d 'counter',is used to control 
how many samples are required. 
The timing of the pause period may b"e calculated i n the following 
manner. Each i n s t r u c t i o n i n the programme u t i l i z e s a set number 
of memory cycles i n i t s execution some of which are l i s t e d belov/: 
to modify the programme a b r i e f description is' given below. 
INSTRUCTION MEMORY CYCLES 
AND 2 
TAD 2 
DCA 2 
JMP 1 
ISZ- 2 
JMS 2 
VI. i 
The memory cycle .time f o r a PDP8/F computer:±s 1.5 microseconds. 
Thus the f i n e counter consists of an ISZ and a JMP i n s t r u c t i o n which 
take 3 memory cycles i . e . 4.5 microseconds each time they are executed. 
This loop i s executed 2000 times before progressing to the next counter. 
The coarse counter cycles 100 times. Thus the pause time, ignoring 
the excecution time for the coarse counter, i s given by 
Pause = 100 X 2000 x 4.5 microseconds 
=0.9 seconds. 
F i n a l l y the l a s t counter i s set to sample 300 times before continuing. 
Thus the programme so f a r reads and stores information from eight 
channels within about 200 microseconds and pauses f o r a further 
0.9 seconds. This process i s repeated 300 times making a t o t a l xxm 
time of about 4.5 minutes. 
ADDRESSES 0240 - 0247 
These addresses hold the set and updated values f o r the various 
counters described i n the previous sections. 
ADDRESSES 0250 - 0272 
This part of the programme uses a f l o a t i n g point package to 
output the stored information to paper tape v i a a Teletype i n a 
suitable format. 
ADDRESSES 273 - 277 
These locations hold set and updated values f o r counters and various 
pointers used i n the output routine.. 
Other pointers and counters used i n the programme are l i s t e d below 
with t h e i r memory locations. 
VI. i i 
MEMORY ADDRESS INSTRUCTION 
0010 0277 
0055 7777 
0056 7777 
0057 
0060 
0007 
0001 
0177 3240 
DESCRIPTION 
This i s an automatic indexing 
address and i s incremented each 
time i t i s used. 
This defines that a, CR, LF i s 
required a f t e r each piece of 
data. 
This ensures that F type format 
i s used f o r punching the data 
These describe the.format of 
the data as F7.1. 
Nimber of data values to be 
punched. 
V I . i i i 
TABLE VI 
DATA STORAGE PROGRAMME LOG 1 
MEMORY 
ADDRESS INSTRUCTION MNEMONIC DESCRIPTION 
0200 7300 CLA,CLL. 
0201 6451 St a r t , 6451 /Enable Multiplex 
0202 7000 NOP 
0203 6442 6442 /Start Conversion 
C204 7000 NOP 
0205 7200 CLA 
0206 6441 6441 ./Read A/D 
0207 3410 DCA I INDEX..A/Store 
0210 1240 TAD STORE 
0211 7001 lAC 
0212 3240 DGA STORE 
0213 1240 TAD STORE 
0214 2241 ISZ COUNT A 
0215 5201 JMP START 
0216 7300 CLA,CLL /Multiplex. 8 Times 
0217 2243 Count, ISZ COUNT B 
0220 5217 JMP -1 /Fine Counter 
Q221 1244 TAD STORE B 
0222 3243 DCA COUNT B ./Reset Fine Counter 
0223 2245 ISZ COUNT C 
0224 5217 JMP COUNT /Coarse Counter 
0225 1246 TAD STORE C 
0226 3245 DCA COUNT C /Reset Coarse Counter 
0227 1242 TAD STORE A 
0230 3241 DCA COUNT A /Reset Multiplex 
0231 3240 DCA STORE 
0232 2247 ISZ COUNT D /Counter 
0233 5201 JMP START 
0234 5250 JMP OUTPUT 
0235 
0236 
0237 
0240 0000 STOREi 0 
0241 7770 COUNT A, 7770/-8 
0242 7770 STORE A, 7770 
0243 4060 COUNT B, .4060/-2000 
0244 4060 STORE B, 4060 
0245 7624 COUNT C, 7624/-100 
0246 7624 STORE C, 7624 
0247 7324 COUNT D, 7324/-300,^ 
- Y.I..iv 
TABLE VI (cont) 
MEMORY 
ADDRESS 
0250 
0251 
0252 
0253 
0254 
0255 
0256 
0257 
0260 
0261 
0262 
0263 
0264 
0265 
0266 
0267 
0270 
0271 
0272 
0273 
0274 
0275 
0276 
0277 
0010. 
0055 
0056 
0057 
0060 
0177 
INSTRUCTION 
7200 
6032 
6046 
1274 
3010 
1410 
3044 
4675 
4676 
2273 
5255 
7300 
1274 
3010 
1277 
3247 
l i 7 7 
3273 
7402 
3240 
0277 
5533 
5600 
7324 
0277 
7777 
7777 
0007 
0001 
3240 
Output 
Inc 
MNEMONIC 
CLA.CLL 
KCC ' 
TLS 
TAD C277' . 
DGA INDEX A. 
TAD I INDEX ; 
DCA 0044 
KMS I FLOT P 
DESCRIPTION 
/ I n i t i a l i z e 
Keyboard and 
Teletype 
/Compute 
Floating Point 
Number 
JMS I FOUT P JMS I FOUT P /Output to 
ISZ COUNT 
JMP INC 
CLA,CLL 
TAD C277 
DCA INDEX 
TAD STORE 
DCA COUNT 
TAD STORE E 
DCA COUNT E 
HLT 
COUNT E',3240 
C277,0277 
FLOT P.FLOT 
FOUT P,FOUT 
STORE D,7324. 
INDEX A,0277 
STORE E,3240 
Teletype 
/Output Loop 
/Reset Index A 
/Reset Count D 
/Reset Count E 
-•/-30_0^ ^ 
/Auto-Index 
/CR,LF 
/F Format 
/Format 
/F7.1 
/-2400^Q 
VI. V 
APPENDIX VII 
A SOLUTION TECHNIQUE FOR THE DETERMINANTAL EQUATION OF THE 
PLATE BUCKLING PROBLEM 
The determinantal equation i s derived f u l l y i n Appendix I I I and i s 
•given i n a shorthand notation as 
1 r r 
or more generally 
fCD^.D^.Dg, V^,P,n,a,b^,b^) = 0 ' ( i i ) 
The problem i s then simply one of defining the material properties and 
st r u c t u r a l dimensions and solving f o r the minimum value o f P , t h e c r i t i c a l 
end load, with varying numbers of half-waves, n. Since equation ( i ) 
cannot be solved e x p l i c i t l y an i t e r a t i v e solution was sought and a method 
combining b i s e c t i o n and the secant r u l e was f i n a l l y chosen to maintain 
optimum e f f i c i e n c y . 
In using i t e r a t i v e techniques i t i s a necessary prepequisite to 
define a suitable i n t e r v a l within which a solution i s expected tb be 
found. Owing to the transcendental nature of the equations implied i n 
expression (1) i t i s important to define a p a r t i c u l a r l y small i n t e r v a l 
i n order that only one solution e x i s t s within that i n t e r v a l . The 
method developed here to overcome t h i s p a r t i c u l a r d i f f i c u l t y was to 
set a lower bound for the c r i t i c a l l:o:ad and to define the i n t e r v a l between 
t h i s lower bound and a i % increase of t h i s value. The i n t e r v a l size was 
chosen from t r i a l r e s u l t s on several d i f f e r e n t problems and was found to 
ensure that only one root of equation ( i ) could be found within the 
V l l . i 
defined i n t e r v a l . I f a root was not found within the f i r s t s p e c i f i e d 
i n t e r v a l , the lower bound was increased to the previous upper l i m i t and 
the upper bound was increased by 1% of i t s previous value. The process 
was repeated u n t i l a root was found within an i n t e r v a l f o r the given 
dimensions and properties. 
Owing to the garlard nature of the buckling curves i t was necessary 
to investigate whether the minimum buckling load had been found or 
whether there existed a lower value corresponding to a higher mode. This 
i s exemplified i n Figure V i l a where, for a r a t i o '.a =2 and a single 
• b 
lo n g i t u d i n a l wave i n the buckled shape (n = 1), the buckling c o e f f i c i e n t 
i s computed as about 6.2 whereas the minimum value of 4 i s obtained 
fo r two half-waves i n the buckled configuration. Thus, the solution 
process was repeated with an increased value of n within the range of 
the specified lower bound and the solution found for the previous value 
of n. I f no solution was found within that range the previous solution 
v/as assumed to be a minimum. C l e a r l y , once the minimum buckling, load was 
found to occur with a higher:;- value of n then t h i s higher value was u t i l i s e d 
for the i n i t i a l value for further i t e r a t i o n s as the length of the section 
a was increased. In t h i s manner a complete garland curve within a 
sp e c i f i e d range of'1'^ values was obtained. The lower and upper bounds on"the 
c r i t i c a l load within v/hich.asolution was sought were specified as D^ . 
and ten times t h i s quantity respectively. The lower bound 
corresponds to the r'Euler buckling load for a s t r i p simply supported 
along i t s loaded edges and free of support along the lon g i t u d i n a l 
edges buckling into n half-waves. Since the solution method was designed 
to be completely general t h i s was f e l t as a suitable bound owing to i t s 
independence of longitudinal constraint and orthotropic properties. 
niT -
u \a J 
V l l . i i 
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F i g . S H a Loca l instabi l i ty of f lat p la tes 
V I I . i i i 
I " cT/b 
For p a r t i c u l a r problems these bounds could be changed to more r e a l i s t i c 
values to improve the solution e f f i c i e n c y . 
A flow diagram of the. programme MAIN for general solution of the • 
plate and plate structure buckling problem i s shown i n Figure VII.,b and 
i s followed by a programme l i s t i n g and a t y p i c a l p r i n t and p l o t t e r output. 
Having successfully obtained solutions f o r the garland buckling 
c o e f f i c i e n t curves u t i l i s i n g the programme MAIN outlined above a further 
programme, KMIN was developed to solve for the minimum value of the 
buckling c o e f f i c i e n t for a given plate width r a t i o '^^  such that the 
more useful graphs of K^^^ vs ^ .^  could be produced f o r a range of materials 
The method used was a simple although somewhat tedious extension- of that 
used to obtain the garland type curves. Indeed the subroutines LOCAL, 
ZEROIN, and FUNG are common to both procedures. 
The p r i n c i p l e adopted was to solve for the buckling c o e f f i c i e n t , K 
for a given and n of unity for a series of increasing values of'1'^. 
In t h i s way the minimum buckling c o e f f i c i e n t was i d e n t i f i e d as occuring 
within a range of ^'^  values. A bi s e c t i o n procedure was then u t i l i s e d to 
obtain the minimum value within that range and the process repeated- for a 
series of A values thus producing a single curve of K . vs '^ ^ for a d. mm 2 
given material and section type. In t h i s manner of series of curves f o r 
d i f f e r i n g materials and sections was compiled. The procedure v/as extreme­
l y time comsuming frequently running i n t o several hours elapse time on 
the ICL 1903A i n s t a l l a t i o n . A dxmping f a c i l i t y has therefore been, 
included i n the programme to allow r e s t a r t i n g of the programme from any 
one of a series of programme dumps made approximately every 30 minutes 
during execution.. Thus recovery from machine time f a u l t s i s possible 
and the programme can be run i n segments to optimise job scheduling. 
V l l . i v 
Ser n 
SET tefttcrt 
Fig.211 b Flow diagram for programme MAIN 
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LI3RARY(SU3GR0UPC(:PR) 
-PK0GRAM(MAIN> " 
I.NPIJT 1=CP.O 
OUTPUT 3=L?n 
OUTPUT r> = ED2/UM FORMATTED (SOLA 
CO'lPRESS INT5G!;R AMD LOGICAL 
TRACE 2 
END 
D L E E > / 1 2 8 
C 
C 
C 
C 
100 
330 
3O0 
i310 
M A S T E R M A I N - . . 
EVALUATE.S G A R L A M D CURV?? ? « R L O C A L IWSTABILI7Y OF TLAT - -
PLATE S T R U C T U R E S ArJD MI.N-IMUM PLATE D U C K L I N G cOf.?F J CI cNT .POR G ) 
VHM SECTIOfj, . 
•-•V.-irS^-------f^-t)IME.NSIO.N RK1 <2S0) , AK (2503 , AB C250) , T PL (250> , I3CD <1 2) , 13'Jr ( 1 OoO) 
- COiliiON PI r 0 1 # D2»D3 / 6 N U 1 , 1 , A / B I r n^,. '^, AB.SE'^K ,RELERK/"K,R!C/TFLAG, S.<N 
.1.^.-=:^-.-.— DATA I5CD(1)/43!|L0CAL - l i S T A S U i T Y OF AH ISOTSOP i C CHANNELS - --/ 
READd ,100)ni ..T2.D1 ,D3, I)3,G ? J I J12,A D S E R > C , R E L E R K - - - - . 
FORi.iAT(3F0,0) -
WRUE<3,300) 
URITE<3,310)B1,B2/D1,02,03,GNIJ12 - -~ • 
WRITE<3,330) . ... -
F0R:iAT(,'3X/iilA/n,16X/2H;<1,3X,6illFL0AT,2X,1HN) - .. . 
F0R;IAT<41.'I1 L O C A L .1UC.<LJKG O F A N I S O T R O P I C C H A . M ! ) = L S , / / ) 
FURnAT<231i 111 fB2,01 ,oa/03fGNU12 = / 6 < 2X ^  F 7 , 3) ) 
Pl=3.1416 
- DR=(02/D1)*»0,2S . . . 
. A 3 C 1 ) = D R 
• M=1 
. CK=<ai/PI)*«2/CD1''D2)**0.5 
— NC0UMT = 1 - . . . . _. 
- M=0 . . 
- RKM=0,0 
.1 A=Dl*A3<NCaUNT)/DR 
- CALL LOCAL 
RKM=RK . ' 
RK1 (NCOI)fiT)=RK 
r. IFL<.NC0'J.NT) = I F L A 6 - -
- lF<RK,Ei5.0,fl)G0 70 4 • - 1 ' i . 
2 N = H-h1 
•- CALL LOCAL - - -
I F C R K . H O . O . O J G O TO 5 - - . -
- IF(KK.(;E.RKt))GO TO 5 
RK1 <NCOUfjT)=SK .. 
IFL<NC0;)NT) = IFLAG - •-' . Z . . -
--. - GO TO 4 -
- - -5 N = U - 1 -
-.-^rA AK(,NCO!JfJT)=A 
^^--^ l='icou;^T • • • • -• - —• 
WRITE(3,340>AB(I),RK1(I>,IFL(I>,N 
340 FOP.;iAT<2<5X.,£l2.5),2<5X,I2)) ' 
- •• .SC0iJWT=NC0U;iT*1 . . . _ 
AB<KCO:JHT)=A5<flC0ll^^T-t) *0.1*OR . . -
- - IFCHCO'JWT.LH.100)00 TO 1 
^JP=^JcounT-^ - — 
WRITE(3)B1/n2»01 ,t'2,D3,GhU12,NP -• • 
DO 6 1=1,UP - -
6 WRlTE(3>A3a);RK1 (I) - . ..... 
EN.TFTLE 8 
C A L L PLi)TSU8UF(1 ),1 000,7) • 
C A L L I'L.lTd .0^ 1 .0,-3) i."uu I'L.'i V I .y I .u/-.>; — -
CALL AXIS ( 0.0/0,0/28HK1=P*<B1 /'?t )**2/<C1 *D2 ) **0 . 5 ' 28 , 8. 00 , ?0 . 0 , 0 . 0 
1,1.0) 
CALL AXIS<0,0,'),0.17H(A/B) (D2/Dn*». 25,-1 Z.-^ . 25, 0,0. 0.0,1 .0) 
CALL SY:I30L<2.0,V,5,0;21 ,IP.C0<1 ) ,0.0,20) 
CALL GY!lR0L<2.-.t,9.1 , 0. 21 , I 3CD < 7) , 0 . 0 , 20 ) 
AiJ(l-iP-t-1)=0,',) 
• ABCfjP•^ 2)=1 ,0 
RtCI <NP + 1 )=0.0 
RK1<,>JP + 2)=1 .0 
ibrzE='n>+2 - • -
CALL LTilE<AP,,RK'! ,HD,1 ,0,0,ISI2S) 
CALL PLOTCIO.0,0,0,999) 
srof> ^ -
END 
V l l . v i 
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- . ^.SUBROUTINE LOCAL - --
SU3R0UTINC 03TAI«S MIMIMUH PLATE 3UCKLIM6 COEFFICIENT K l - — — -
FOR ANISOTROPIC THIN HALLEO SECTIONS COMPUSEO OF 2 PLATES- • 
- - - FOR GIVEN P L A T E LENGTH AND WIDTHS AND M U M B E H OF LONG WAVES. 
. A = PLATE LEMGTH 
-^.=:.•=.^ -^ . BIsWEB DIMENSION - - .t ... , -_ 
B2=FLAMGE DIMENSION 
• N = NUI1BER OF LONG W A V E S - . - ' - - - ^ 
A3SfRKsABSOLUTE E R R O R I N K1 ' . ..^.-...^^^— 
RELERK=R£LATIVE ERROR IN K1 
ERRORCKI)=R£LERK*K1+ABSEaK 
• RK = PLATE BUCKLING COEF, FOR WEB . - • 
. K 1 = P < C R I T ) * C K - - - T- =~ 
SUBROUTINE CALLS; ZEROIN - A" 
t'.;:-'co:iHOtJ PI,01 ,D2,05,GNU12,A/B1 ,B2,N,A8SERK,REL£RK ,CK,RK, ^ FLAG,RK.^• 
ABSERP=ABSERK/CK -- , . 
R E L E R P = R E L E R K ' - -
SET LOWER LIMIT •- = 
BSaDl »<M*PI/A)**2 -
. 8S1=BS*(1,+RELERP)+ABSERP , . : . -
-•- -C = Bs1+3s1*0.01 - ^ 
. S = 8S1 . . . - ^ 
10 CALL Z£R0Pi(F/a,C/A3SERP,R£LERP.IPL4G) 
GU TO (1,1 ,2,2/2)#lFLAG -
• 2 BS = D S + BS*0,01 ... 
IF(BS.GT.BS1«10,0)0O TO 3 ' -
^ C=3s+BS*0,01 
'sr GO TO 10 • --^  .u--- • - -. 
1 R P = B - • . - ^ . — _ 
•• RK = RP*CK- • • • - - • - • - -
R E T I J R I J - . - • . - . • — 
3' RK=0.0 - - • 
• IFLAG=6 -- . -. 
- - END - ^ . 
SUBROUTINE 2ER0IN(F,3;C,AS3eRRrRELERR,I FLAG) - • 
COMPUTES ^ RQi>T OB «OM-Lr«EAa BOUATION F.(X)=o. 
F(X) IS CONTIiVOOUS R E A L FUNCTION OF SiNGLc VAKlABLE X - • -
•METHOD C0M3INES BI SHC? i Ofj . AMD T H E Sf CAN'T.KULE - - - -— -
INPUT CONTINUOUS FUHCTION F A H D INTFft>/AL (8,C) SUCK T H A T 
• - • F(3)*F(C).LE.0.0 
ITERATIONS FINO^ NEW B AHD C SUCK THAT INTERVAL (B,C) IS S H R U N 
AND ABOVE EQUATION HOLDS, 
STOPPING CRITERION IS 
•"- A!i3(o-C) .L£.2,3*(aELERR*AB3(G) + ABScRR) .-- • 
W H E R E R E L £ R R = R E L A T I V E ERROR - - - — 
AND A B S E R R = A B S O L = J T£ ERROR AND ARE I N P U T QUANTITIES 
"" • IF 0 IS A POSSIBLE ZERO 00 ;^ 0T CHOOSE A3 S E R R = 0.0 
OUTPUT VALUE OF B IS BETTER APPROXIMATION 
IFLAG M A Y ASSUME VALUES 1-5 AS FOLLOWS 
' -- 1 IF F(S)*F(C) , LT.O AiJD STOPPING CRITFRiO.N IS HcT -
2 IF COMPUTED F(3) IS EXACTLY ZERO 
3 IF ABS(F(B)) GT INPUT VALUES AO.*: ( F (B ) ) , A B S ( F (3) ) 
<B i!AY BE NEAR A POLE OF F( 
4 NO ODD ORDER ZERO FOUND LOCAL MINIMUM MAY BE OBTAINED 
5 T0.1 MANY EVALUATIONS (SET AT 500) 
SET U TO UNIT ROUND-OF? OF MACHINE . . 
U=9.0E-7 
RE=AMAX1(RELERR,U) 
IC=0 - --- = - • 
A C 3 S = A B S ( B - C ) 
A = C 
CALL FU:iC(F,A) 
FA=F . 
CALL F-JNC(F,8) 
F B = F 
F C = F A 
K0UMT=2 
V I I . v i i 
2 
® 4 
' 01^ -! 
0O2 
-- 0153 
01i6 
0156 
'01^7 
,01>8 
'•0159-
0160 
-0161 
, 0162 
• 0103 
0164 
01t»5 
. 0166 
. 01 
0169 
01 ro 
01/1 
, 01/2 
- 0U3 
. 01 rt, 
01 /5 
. 01/6 
01 (7 
01/8 -
01 /9 
OlttO 
C 
C 
c 
FX=AMAX1 ( A B S ( F B > , A B S C F - C ) > 
1-. I F < A B S ( F C > ,GE.ARSCF8)i60 TO 2 
INTERCHANGE B A N O C 
A = S 
FA»FB . - - - . _ 
3 = C 
FBsFO 
- C = A = 
FC^FA 
2 CMB=0,5*(C-B) -
- ACil3aA3S(CMB) . . -
TOL=RE*ABS(B)+AeSERR 
T E S T S T O P P I N G C R I T E R I O N A N D F O M C T I O N COUN"! 
I F C A C H S . L E . T O D G O T O 3 
I F < K O I J N T . G E . 5 0 0 ) G O T O 12 
C A L C U L A T E NEW I T E R A T E A S 0 + P / Q 
P=<;j-A>*FB 
Q = ? A-f3 
I F < P . G E , ^ O . O ; G O T O 3 
U P D A T E A . C H E C K S I Z E OF B R C K K E T T I N G I N T E R V A L -
3 A = 3 
-. F A = F B - . - - — . . . 
•' ic=ic-d - • • I --
lIBI -
@ 22 
24 
r.s 
@23 
20 
22 
© =4 
35 
33 
© 40 
42 
4.1 
43 
01 b2 
0183 
0184 
- 01&5 
0106 
- 01».7 
.oiaa 
01 »9 
0190 
0191 
0192 
01V3 
019 4 
019 5 
01V6 
0197 
0198 
0199 
0200 
-02O1--
0202 
0203 
0204 
:-0205 
02O6 
- 0207 
0208 
0209 
0210 
0211 
. 0212 
0213 
•0214 
-0215 
• 0216 
0217 
.0218 
••0219 
0220 
02«:i 
0222 
02<i3 
-02<:4 
• 02<i5 
-. . .... lF<iC.LT.i)60 TO 4 
7. ^-„„:_ lF<8.0*ACf-18.G£,AC3S)GO TO 6 
.. .^^.„^, ic = 0 
- AC3s=ACn6 
C 
• C. -, T E S T - F O R T O O S M A L L A C H A N G E 
4 I F ( P . G T . A B S ( Q ) * T 0 L ) G 0 T O 5 
I N C R E M E N T B Y T O L E R A N C E 
B = 0 - > S 1 G H < T O L / C M B ) 
C. . . - . R O O T B E T W E E N B A N D <C*3)/2 
5 I F ( p . G E . C I 1 S * Q ) G 0 T O 6 
USE SECANT RULE-
3 = 3-H?/q 
GO T O 7 
C USE BISECTION 
6 B-0.5*(C•^Q) 
..C.,...-. COMPLETE COHPUTATIOH OF NEU ITERATE B 
-.• ^^ •^•r- .. - 7 CALL F-J;JC<F,3) 
^ T ^ M S J - i ^ S i S lF<FB.EQ.O,0)Ga TO 9-- - - ".. 
- - -- K0'JHT=^ C0UNT.^ 1 
--. IF<SIGM(1 .'0,FB).NE,SIG!K1 .0,FC>)GO TO 1 
T C = A . -
• FC=FA • 
GO TO 1 
C 
_ C ~ F L U S H E D . S E T I F L A G 
3 I F < S I G : - 1 < 1 . 0 , F 3 ) . £ Q . S I G N < 1 . 0 , F C ) ) G O TO 11 
I F C A B S C F B ) . G T , F X ) G O TO 10 
IFLAG=1 • - • 
-.-.-r-- R E T U R N -
--• • 9 I F L A 6 = 2 
• R E T U R N - - - - - - . • 
"10 I F L A G = 3 " ^ -• • 
R E T U R N 
- " 11 I F L A G = A 
- - R E T U R N . -
12 I F L A G=5 
R E T U R N = 
J END _ - , .: 
V I I . V i i i 
4 i ; 
10 
9 
0226 - u-j- -• 
02ii7^'^-^'^=^=' C-
0228 -• . C 
02<:9 C 
0230 C 
0231 C 
0232 
•n2A3 -^-^ 12 -
20 
123 
30 , 
22 -
0235 •= 
0236 
0237 -
02^8 
0.?i9 ' 
02''0. -.^ v-^ -..-^ . 
0241 
0242 
0243 • 
0244 
0245 
0246 -. 
0247 —• 
0248 
0249 
02bO _z 
0251 
02i2 
0?53 
.-.0254 == 
0255 - ^ r ^ 
- S U B R O U T I N E F U N C < F » X ) - - — 
^ F U H C T I O N S U B R O U T I N E C A L L E D B Y Z E R O I N =^^u.^ 
A N I S O T R O P I C C H A N N E L S E C T I O N S I M P L Y S U P P O R T E D E N D S , - - = ^ = - — = • 
X=P< C R I T ) 
F = V A L U E "F F U M C T I O N F O R G I V E N X • _ = 
COMMON PI,D-1 ,D2,D3,GHUl2,Af B1 ,32 , r<, A B S ER K , R E L G R K , CK, R K, I F L A G , R K N 
=- R1=D3/D2 - - • - - - • 
R2=<X/02)*<A/CN*PI))**2-D1/D2 • . •: - r.^-j—-.-v^--••--.-
A L = ( N * P I / A) * <R1 + <R1 **2+R2I**0 . 5) **0. 5 :7-w-^ -' 
BT=>(N*PI/A)*<-R1 + <R1**2 + R2)**0,5)**0.5 
pi=AL*ai • . — —•• "^ 
-Qa = BT*R1 - - . 
•.- Q2 = 3T*32 
• G2=AL**2-GN|J12*<N*PI/A)**3 - ' ' - -^ r. 
" 0L Z S B T**2+G M U12*<H * P I / A)**2 = 
R12=G2*B1**2 
/ 312 = 0L2*B1**2 • • , . .. 
R22=G2»B2**2 
S22=DL2«B2**2 
SSYl=Pl*Ql*<Hl2 + S12)*C0SH(P1/2,)*C0S<01/2,> ^ 
... FSY1=-P1 *Q1 *CP1 *SINa(P1 /2J*C0SCU1 /2)+«1*C0SK<P1 /2)*SIN<Q1 /2)) 
SFR2=<:R22+S22)«<Q2*R22**2tSlNH<P2>*COS<(J2>-p2*S22**2*COSH<?2)*SlNi 
102)) 
- FF!-2=-<2*P2*Q2*R22*S22+P2TQ2*(R22*«2+S22**2)«COSH(P2)*COS(C}2) + ( ( Q -
1*R22)**2-(P2*S22)**2)*SINH(P2)*SIN<02)> ' -
• RLAFI2=32/B1 
- F = S S Y1/ F S Y1+ S F R2/(R L A H2* F F R2) . . . •-
^- R E T U R N •• • '•• •• 
• E N D 
V l l . i x 
2 -= -" 
-- LOCAL-BUCKIING -OF-AH ISOTROPIC CHANNELS 
,B2,D1 ,02,D3,G.NU1 i 
® 
® 10 ;_7 
1 2 ^ 
® is j l : 
IS -£.1: 
20 
I 22 - ; 
24 f^' 
26 
© 23 
301:" 
32 li ^ -
© 3.1 ^ 
36 
33 ^ ' 
© "fO^  
42;"" 
© — 
44 
® _ 
50|^ _ 
® 52'=' 
54 ' 
55 ~ 
C2 . 
Q 4 
0.17287E 00 . .. 
0.52016E 00"-^  
=.r-0i567A4£ 00 
^ ^ - 0 , 6 U 7 3 E 00 
- - 0,66202E 00 
' 0,70931E 00 -
- 0.75659E 00 . 
--- 0,30'588E 00 • 
.0,85117E 00 -
••- 0,89a45E 00 
-.-^  0,94574E 00 
-0,99303E 00 -
= 0,10403£ 01 
~ 0 . 1 0 a 7 6 E 01 
. 0.113A9E 01 
0,1la22E 01 
0,12295E 01 
- 0.12768E 01 -
0,13240E 01 : • 
^•-0,13713£ Ol-=-
=..- 0,14186E 01 
0,14459£ 01 
r- 0,15132E 01 : 
" -O.ISfiOSE 01 
- 0,16073E 01 
- 0,16550E 01 - -
0.17023E 01 -
0.17496E 01 -• 
:- 0.17969E 01 
-—0,13442E 01 ~-
0.18Q15E 01 • 
0,19388£ 01 -
-.• 0.19861E 01 • 
0, 20333E 01 
0.20806E 01 
-• 0,21279E 01 • 
0.21752E 01 -
0.22225E 01 
.- 0,22698E 01 
0,23171E 01 -
---0,23644E 01-
0,24116£ 01 
- 0.24589E 01 
•• 0,25062E 01 
0,25535E 01 
" 0,26008£ 01 -
• 0.26481E 01 
0,26954E 01 
0,27/i27E 01 
• 0,27899E 01 
0,28372E 01 
0,23845E 01 
0,29518E 01 
0.297<51E 01 
0,30264E 01 
0,30737E 01 
0.31209c 01 
0.i1A«?E 01 
= : 0,025 -.- - 0,025 ..250, 
=-——K1- —-IFLOAT - -N-
- 0,46030E 01 
0,33313E 01 
-=-. 0.32472E 01 
0 , 2 7 9 0 0 E 01 -
0,24290£ oi 
0,2l33/fE 01 
0.1P012E 01 
0.17033E 01 
-- 0.15415E 01 ;. 
0,1402'3E 01 -
0,12864£ 01 
= 0,11364E 01 
-- 0,11004£ 01. •_• 
0 i l 0 2 6 2 £ 01 
0,96130E 00 
0,90564£ 00 
0,3S639E 00 • -
-0,31 342E 00 
. 0,7756DE 00 
-- 0,74223E 00 - — -
0.71239E 00 
•- 0,''i3705E 00 
- 0,66427£ 00 
'- 0 , 6 4 4 2 1 g 00 
0,62660£ 00 -
- 0.611205 00 
:-0,59775E 00 
0,56607E 00 -
0,57601E 00 -
-0.56753E 00 
• 0.56016E 00 
0,55413E 00 
. 0,54922E 00 -• 
•• 0 , 5 4 5 3 7 e 00 
0,542485 00 
- 0,54023c 00 
- 0.53932H 00 ---
0.538935 00 
-- 0,S3923E 00 -
= 0,5401A£ 00 -
- 0.54200S 00 -
- 0,54429E 00 
• 0,54716E 00 -
0,55053E 00 -
'0,55452£ 00 
•- 0;55395E 00 
0,56387E 00 
• 0.56923E OO 
- 0,57503£ 00 
0.53125E 00-"^  
0.53787E 00 
0.59483E 00 
0.60227E 00 
0.41002E 00 
0.618126 00 
0.626J7E 00 
0.''3S35e 00 
VII.x 
•A 
-
0.321552 or 0,62660E 00 - 1 2 
fi 0,3262SE 01 0.61S66E 00 1 2 
0,33l01E 01 • . . 0i6l120E 00 — — 1 •- •"•-2 
0,33574£ 01 • ' 0 , 6 0 4 2 5 s 00 • 1 • 2 
0,34047E 01 - 0.59775e 00 -1 2 
- t t / : - . . 
- 0.34520E 01--- 0,591^0E 00-- - 1-
0,34992E 01--. ---- 0.53607E OO - -. 1 • ••. 2-
0,35/.65E 01 • 0,58034E 00 1 2 
- 0 , 33038E OI - • . ,•• 0, 57601 E O'J - 1 2 
0.3641 IE 01 -• - •0,57154E 00 - •• 1 • 2 
0.36H84E 01 • 0.56753E OO- 1 2 
-.-0,3r357E- 01 - • - -•- 0.563o6£ 00 1 • • 2 
12 .- 0,37830E 01 :-j 0,56016£ 00 - 1 .2 
• 0,33303£ 01 0.55 700E 00 " 1 • 2 
- 0.38775E 01 " • 0.55413E 00 1 2 
-• 0,39248E 01 — - 0.551 54E 00 - - 1 -2 
0.39721E 01- • 0.54922E 00 - - 1 - -2 
0,40194E 01 0,54717E 00 • 1 2 
. =fr:.r.-. 0,40r>67E 01 •- .- . 0,54537E 00 1 2 
IS Oi41l40E 01 • -•- 0,543815 00 - 1 - - 2 
d,41/5l3E 01 • 0,5424.'^ £ 00 1 2 
«.J 0,42O86E 01 - •• • 0,54137 = 00 1 • 2 
® 22 0.42558E 01 • . . 0,54023£ 00 ... 1 • ' 2 0,43031E 01 6,53'?53£ 00 1 2 
0,43,504E-01 • 0>53<'32£ 00 1 2 
- 0,43977£ 01 - •• • 0.53903E oo • 1 • -2-
-• 0,44450E 01 -• • - 0,53393E 00 1 .... — 2 
0,44923E 01 • 0,53902E 00 1 2 
©23 . . 0,45396E 01 .- - 0,5392oE 00 1 -- : 2 
=^  0,45868E 01 ~ 0,53972E 00 1 2 
-rt " —•" .. 0,46341£. 01 0,54014E 00 1 2 
- 0,46314E 01 - 0,54l03u 00 1 2 
•0,47287E 01 0»54200E 00 1 - 2 
' 0,47760E 01 •"• 0*54307= 00 • -1 2 
0,43233E 01 0.54429E 00 • 1 2 
Sip • 0,48706E 01 0,54554E 00 - i 2 
-- 0,49179E 01 - • . 0,5471 6E 00 • 1 2 
® 
- 0.49651E 01 0,548S0E 00 1 2 
6,50124E 01 • O,5505aE 00 •.- 1 2 
0,50597£ 01 •-• 0i55252E 00 1 2 
® •'•0 k"! •. • 0,51070E 01 0,55452E 00 1 2 
-- 0,5r543E 01 •• • 0,55667E 00 • 1 2 
42 _____ ^. . . . . . _. 
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flNISOTROPIC C H A N N E L S 
o 
o 
ca.' 
o 
o 
o 
o . 
o 
o 
^0-00 r y O O 2'. 0 0 3.00 4 ' . 0 0 5'. 0 0 s'.OG 
(- f i /B ] ( D 2 / D 1 J ^ ^ . 2 5 
V I I . x i i 
A l i s t i n g of the programme, i s given below although i t i s not 
advised that t h i s be u t i l i s e d without modification to improve e f f i c i e n c y . 
In p a r t i c u l a r i t has been observed from the resvilts obtained from the 
programme that,, as described i n section 4.1.4 of the main tex t , the 
ch a r a c t e r i s t i c of if . vsX^ for a given section i s common to a l l 
min 2 ^ 
orthotropic materials. Having determined t h i s c h a r a c t e r i s t i c f o r a 
given section, many of which are published f o r i s o t r o p i c materials i n 
Ref 39, immediate use can be made of the Quantity'i'. to obtain K . 
- mxn mm 
without recourse to i t e r a t i n g on TJ'^ . Furthermore, knov/ledge of the 
general form of the buckling c o e f f i c i e n t can also be used to considerably 
reduce the range of values used for the i t e r a t i o n process. The programmes, 
however were written with complete generality and these comments could 
only be made with the benefit of hindsight. 
V I I . x i i i 
. 0001 'LIST . • ; ' : . .; • 
0002 MAP 
0003 PKOORA"-1(KHIH) 
"^ 0004 tNPJJT 1=CR0 ^ • 
00U5 -.- - • OUTi-'S.lT 3=(.P0 • ""^  " 
0006 O U T H S J T 5 = T Y 0 
0 0 0 7 OUTPUT .•j=£D8/UHF0RMATTEy(S0LA D LBE)/128 
0008 OUTPUT 9 = E 0 9 /U N ? 0 R : 1A T T C 0 V S 0 L B 3 LEE>/128 
0009 O U T J J U T 1 0 = Ep10/UNFORMATTED<SOLC - 0 LEE)/123'' " ' ' ^  " ." 
0010 OUTPUT •i1=Ep11/UNF03MATTEO(SOLD D LEE)/128 " """" 
0011 O U T P U T -t2 = Eol2/UNFORHATTE9<SOLE 0 1.EE>/128 .: V ""." 
m -• •- 0012 U S E 15^E0l5/DUMp(PR0GHAr1 KMtN) " " " """" 
20 „ 0013 CO:ipR£SS IMTEGER, A N D U O G I O A U 
0014 TRACE 2 -. - •• 
0015 E N D 
© 0016 MASTER KMiN 
001T c PROORAH TO E V A U U A T H HlHIHU:i PLATE 8UCKLIN«i COEFFICIENT K.I V 
0018 FLAiKTE/WEB RATIO LAI1NA2 ( 0 . 0 < LAMNA2 < 1.0) 
o 0019 U P TO 5 DIFFERENT MATERIALS .MAY BE USED (1 DATA CAKO P E H ' M ' A 0020 • • • c RESULTS MRITTEH UNFORMATTED 70 DISC FILE (DISC 3) 
0021 c ptMCRA.-l C A L L S : LOCAL 
0022 LOGICAL RESTART 
0023 DrJHHSlON RLAM(250),RK1(250),Anx(250) 
0024 CO:i;iO'l PI ,D1 ,U2,D3,GNU12,A,B1 ,B2 ,N , A B S E R > C , R E L E R K , C K , R K , I F L A G ; R K 
0025 IC = 15 
0026 . .. - - IT1::1800 • • 
0027 CALL I T I M E(IT2) 
0028 IT2=IT2 + IT1 • . • 
0029 Pi-3.1416 • " 
0030 GN;j,2 = n.3 ." " " ' - — -.. . 
0031 RK -1-0 .J 
0032 . r . - N=i . 
0033 REAyd ,100)NCDS ' ' "' 
0034 lOQ FORMAT(10) 
0035 0"J 1 0 I-lrNcDS 
0036 RtAo( i .1.10)61 >i>'i /02,D3.ABScRK,RELEHKrMCH 
® . . . . 0037 110 .t^UR.IAr(oFa.O.Iil) 
0038 yRIrc<:5,310)Hl .Ol .D2,03 
0039 310 F0R.|AT(14H1B1/01 ,02,D5 =,4F10.4,//) 
0040 wairE(i,320) 
0041 320 F0Ri|AT(3X.6HLArlNA2,14X.7HK1 (HIN) , 1 3X / 8H A/S (MI N ) > 
00^2 CK=<n1/PI)**2/(D1*02)T*0.5 
0043 RLAi)(1)=0.02 
0044 NC0JNT=1 
0045 c FlJJr; HlHIHUn B Y STEPPING 
@ r-i TV - 0046 .1 RKN-O.O 
0047 T I N T = 0.25 
• ; •' 0048 AB=o.75 
0049 B2=,<LA:!(NC0UNT)*B1 
•i3 - 0050 7 A = Aij*01 
0051 C A L L L O C A L 
0052 - If ( K K N . I ; Q . 0 , 0 ) G O TO 9 
0053 lF(^X.Gc;.RKN)GO TO 1 2 
0054 9 RI<?l--RtC 
® 0055 AB=,\5 + T X N T 
T-r. • 0056 GO TO 7 ' "•• 0057 12 A B = A B - T I N T 
0058 FI'lu HINI.'lUM B Y BISECTION 
O059 3 R.S:l<: = RKf) 
0060 Ti:Jr = TI,.lT/2. " 
0061 At52 = A3 
0062 _ AB=.AB2-TINT 
0063 A = A:3*B1 
0064 C A L L L O C A L 
0065 R:<NI=R.< 
0066 • A3-A32+TINT 
0067 A='.C*!J1 
0068 C A L L L O C A L 
00O9 R K ; J J = R K 
0070 RKN^AMIWI(RKNI/RKN2,3KN3) 
0071 IF(.<K.\'.fc-O.RKNl )G0 TO 5 
0072 • IF(;^'CN.l;o.RKN2)(50 TO 4 • _ 
0073 GO ro i i 
0074 5 A8 = ,\B2-T I N T 
0075 GO rn 1'. 
® ^ 0076 A3=,IB2 
VII.xiv 
00'77 
O0V8 
0 0079 
2 '-J- _ 0080• ."-'i-'r• 
ootti 
00B2 •- •-. 
0083 * '•"" • ' " 
008 4 "- "• "• 
0085 
.0086 . C 
0087 
© -.0 •'' 0088 "- " y • •" 
0089 
009 0:-^ ??Ar:-^ > 
00V1 
0093 
0OV4 " ^ :" 
0095 
-r 1- 0096 y-ttm/-!^--' 
0097 " 
23 ... .. 00^8 . \ 
no99 
@ 22 0100 
0101 
2.1.-" 
0102 • • ; "-
0103 
0104 '•" -
0105 
@ 23 0106 
01 or ••" 
0108 .Jrl^~^.-.-
© 01 09 011 0 •- V;-?:^  " ".: 
0111 : ••• 
0112 
0113 
0114 " • ^  
0115 • -----
35 .J- 0116 : 
0117" 
® J0"_ 0118 
0119 
0120'-.ii--:.-:' 
11 ERR = ADS(ABSERiC+REUERK*RKNl 
0lFl=ABS<RKNl-RKN2y 
0IF2 = A(1S(RKN3-R<N2) 
' • lF(i)IF1.LE,ERR.ANO.DrR2.LE.ERR)G0 TO 6 ' " '.• 
GO TO -0 • • 
6 RK1 <.MCOlJNr)=R>CJJ • • V -
A0X < N C01 J N T ) = A B 
""" «RITE(5,300)R L A M C N C O U H T),RK1 ( M C O U N T ) , A B X(N C O U « T ) 
300 F0P.iiAT(iX,3(El2,5/3X)) 
pROijRAM DUMP A ; I D R E S T A R T CO;gTROL . . - _ 
CALL tTlH£<IT3) 
lF<iTi.Lr.lT2>Gn TO 20 
• • lT2.:rT2 + IT1 """ 
CALL F!)UliP(iCrRESTART»MfMH)= ' ' - ' • ' " " 
lF(RESTrtRT)GO TO 21 
• • . URITE<3,500)M • "• ' 
500 F0Ri|AT(44H PROGRAM KMIN HAS BEEN DUMPED; DUMP NUMBER " 
• WRIYE(5,550)MM 
550 FURilAT(r,5H EARLIEST DUMP NUMBER AVAILABLE F O R RESTART 
- H F ^ . J C O S - I 
WRIVE{3,575)NF 
.575 F0.RrlAT(j9H MUM8ER OF DATA CARDS TO BS PROCESSED =/I2) 
URlTF.<3,390)M,Hn 
390 F0Rl|AT<^2H DUMPED; DUMP NUMBER =,I2,15H EARLIEST DUMP 
GO TO 20 
21 yRlTE<3,395)M 
395 F0R ; | A T(^1H RESTARTED FROM DUMP ,T2) 
R£STAHT=.FALSE, 
CALL I T I M E ( I T 2 ) 
I T R : , ! T ; > + I T I 
20 C O U T I N . J E • " 
NC0UNT.= ,JC0UMT+1 
IF (f,'C0.Jf|T.GT.5C)G0 TO 3 
RLAtKHCOUNT)=RLAMCNC0UNT-1)-l-0.O2 • - -• 
GO TO 1 
3 NP = NCn^ J|IT-1 
URITEC'ICHJBI ,D1 ,02,D3,NP 
" DO 2 J = I,50 ""• "• " 
WRIT£(.-J0!I>RLAM<J),RK1 (J) 
2 COilri.si-J!: \ . J 
E'NDFILE NCrt 
10 COfiTIN:Ii; 
STOP ' " _I 
-:- .END . . • - . 
VII.XV 
APPENDIX VIII 
THE GENERAL FORM OF THE.BUCKLING COEFFICIENT FOR STRUCTTOAL SECTIONSl 
Consider the system of connected plates shovm i n Figure V i l l a 
subject to a uniform compressive end load i n the x d i r e c t i o n . Consider 
the deflected form of the n*^ plate of t h i s system to be described by 
where m i s the number of half-waves i n the loading d i r e c t i o n during 
locai buckling and ^iy)^ i s an as yet undetermined function to describe 
the dependence of the l a t e r a l d e f l e c t i o n on the plate y co-ordinate 
At the junctions between plates i t i s assumed that the angles between 
common plates remain constant during buckling described by the following 
r e l a t i o n 
r- — 
-3w 3 w 
_3y_ n-1 _ 3 y . 
( i i ) 
In particular-, for a system of plates with only one common junction, 
the combination of r e s u l t s ( i ) and ( i i ) gives 
n = ^^(y).n ni IT " ( i ) 
a 
^ = \ g (X) 
n 
. ( i i i ) 
where 
g (X) f-(y) i j y=o 
n 
n y=b. 
n 
The s t r a i n energy of bending for an orthotropic plate i s given by 
Lekhnitski Reference .28 as 
V l l l . i 
Fig.lZIIIa Multiplate s t ruc tu re 
V l l l . i i 
-2 .2 
c>2 21 
dxdy (iv) 
Suunming the t o t a l bending s t r a i n energy for the system of N plates 
noting the assumed deflected shape of equation ( i ) r e s u l t s i n 
-N . 2 
A a nb n r 
D ^ ( ^ ) (f(y)„)' 
- 2 D V ^ ( ^ ) % ( y ) ^ f-(y)„ 
D2(f'-^y)^)^ ^ (f'(y)„)^ dy 
(v) 
The t o t a l work done by the edge forces on the system of N plates i s 
N 2 
PA a -r 2 
o b 
n 
(f(y)^) dy (vi) 
Define the f o l l o m n g i n t e g r a l s 
" I ' n 
" {• f(y) . ) ^  dy 
o 
(^2)n " f(y)„ f ' ^ l y ) ^ dy 
" (f"(y)„) ^  dy 
V I I I . i i i 
" ( f ^ y ) ^ ) ^ dy ( v i i ) 
Substituting i n t o (v) and ( v i ) , equating the r e s u l t and, noting 
equation ( i i i ) , rearranging gives the following expression 
12'. 
2 ( v i i i ) 
where as before 
a °2 ^ 
Which .may be written more simply as the general form of the buckling 
c o e f f i c i e n t 
K, = C, 
• 2 'I't 2 
-1- N (ix) 
v/here 
C, = 1 
.g(A ) / ( I )^ {—L\ 1 n ' 3 n 
2b. 
^^(D^D^)^ 
2 ^ g ( X ) / ( 2 D ^ ( V ^ -DlV(.-^p)J 
V l l l . i v 
APPENDIX IX 
THE FINITE' DIFFERENCE METHOD FOR FLAT PLATE STRUCTURES; BOUNDARY 
CONDITIONS AND A PROGRAMME LISTING 
I t i s shown i n section 5.2.2 of the text that the application of 
the 13 point molecule equation to points' at or adjacent a plate boundary 
r e s u l t s i n equations involving displacement of points outside the boundary. 
By observing one or more conditions at the boundary these external 
displacements may be replaced by expressions involving only the displace­
ments of points within the plate boundary. Some examples are given 
below. 
1 Boundary conditions along the loaded edges:— 
( i ) the displacement at the edge i s constrained to be zero 
i . e . W,;. =0 ( i ) 
( i i ) f o r simply supported edges the following equation must 
".be: s a t i s f i e d 
.M = -D, 
X 1 
2^ a2 o w o w 
= 0 
which when written i n terms of central differences becomes 
-D, 
'21 
— (W. , .-2W. .+W. , . ) + . - - < i " . .-rw. 
^2 i r l , J i , J 1+1.J i , j - l i , j i,J+l) 
(w.  . - 2w.  + . 
= 0 
2 2 
multiplying by;h k and rearranging i n t o molecule form r e s u l t s i n 
I X . i 
21 
- 2(k^ ^^2^^) 
• 21 
but considering equation ( i ) t h i s s i m p l i f i e s to 
w. . = 0 ( i i ) 
( i i i ) f o r b u i l t i n edge conditions the constraint i s one of 
zero r o t a t i o n i . e . 
• w 
= 0 
which i n molecular form i s written simply as 
0 -1 w- • = 0 ( i i i ) 
Boundary conditions along the unloaded edges 
( i ) f o r simply supported edge conditions the derivation i s 
s i m i l a r to that f o r the loaded edge condition and r e s u l t s 
i n 
1 
0 
1 
w. . = 0 ( i ) 
IX. i i 
( i i ) for b u i l t - i n edges the r e s u l t i s 
1 
0 
- i 
- i J = ° ( i i ) 
( i i i ) f o r conditions along a free edge there are two 
conditions to be s a t i s f i e d as follows 
and 
a 3 2 -s^ a 3 
_ 9 (D i_w + D ?-Ji^-)- 2D ^ 
3y 
3 y 3 X 
arranging, equation ( i i ) i n molecule form r e s u l t s i n 
( i i i ) 
(iv) 
0 L 0 
M -2(L+M.) M 
0 0 0 
-M 2(L+M) -M 
0 -L 0 
w. . = o (v) 
where L = h D, 
M = k^(D2+2Dj^) 
from equation (iv) may be written 
N 
•p -2(N+P) P w; . = 0 
N 
I X . i i i 
where N = h 
d i v i d i n g by N gives 
1 
p -2(N+P) P 
N N , N w. . = 0 
1 
(vi) 
which can then be used to eliminate displacements of g r i d points one 
point outside the plate boundary. 
Mu l t i p l y i n g equation (vi) by M and 2(L+M), then adding and sub­
t r a c t i n g the respective r e s u l t s from equation (v) gives 
MP -2 
NL 
2M 
L 
(L+M)P+M(N+P)-
NL 
-4(L+M) 
L 
4(N+P)(L+M)+2MP -2 
NL 
0 
-1 
2M 
L 
r(L+M)P+M(N+P)l MP 
NL 
0-
NL 
1,J 
( v i i ) 
which can be u t i l i s e d to eliminate_ displacement two points outside 
the plate boundary. 
Boundary conditions prescribing symmetry planes and plate junctions 
can be developed i n a s i m i l a r manner thus enabling plate structures to 
be analysed with r e l a t i v e ease once a s a t i s f a c t o r y solution method for 
the single plate buckling problem has been obtained. A computer 
IX.lv 
where N = h 
div i d i n g by N gives 
1 
p -2(N+P) P 
N N N 
1 
(vi) 
which can then be used to eliminate displacements of g r i d points one 
point outside the'plate boundary. 
Multipl y i n g equation (vi) by M and 2(L+M), then adding and sub­
t r a c t i n g the respective r e s u l t s from equation (v) gives 
1 
2M 
L 
-4(L+M) 
L 
2M 
L 
MP 
NL 
-2 r (L+M)P+M(N+P)-| 
L NL J 
4(N+P)(L+M)+2MP 
NL 
-2 r(L+M)P+M(N+P)-| MP 
NL J NL. 
0 0 
-1 
0 
w. . ^  0 
( v i i ) 
which can be u t i l i s e d to eliminate displacement two points outside 
the plate boiindary. 
Boundary conditions prescribing symmetry planes and plate junctions 
can be developed i n a s i m i l a r manner thus enabling plate structures to 
be analysed with r e l a t i v e ease once a s a t i s f a c t o r y solution method for 
the single plate buckling problem has been obtained. A computer 
IX .i v 
programme has been developed for the solution, of simply supported 
orthotropic plates and Includes a p l o t t i n g f a c i l i t y for mode shapes, 
programme l i s t i n g i s given i n t h i s appendix-. 
IX.V 
£0: 
54 iTi.-. 
oom 
0OU2 
0003 
0004 
0005 
0006. 
0007 
O0U8 
0009 
0010 
0011 
0012 
•0013 
0014 
001 5 
0016 
0017 
0018 
0019 
0020 
0021 
0022 
0023 
0024 
0025 
00i:6 
0027 
00<i8 
00<:9 
0030-
0031 
0032 
0033 
0034 
0035. 
0036 
0037 
0038 
0039 
0040 
0041 
0042 
00''3 
OO'tA 
0045-
0046 
0047 • 
0048 
0049 
0050 -
0051 
0052 
0053 • 
0054-
0055 
0056 • 
0057 
0056 
0059 
0060-
0061 
0062 
00O3 
C0O4 
006 5 
OO^ O 
not-7 
0068 
0009 
0070 
0 0 7 1 
LIST • 
MAP'-
.Ll3RARV<SU3f,ROUpFSCS> 
L13 a A a Y < 3 U 31- R 0 y p C C P R ) 
?!{IG.RA.ICFIUP) 
liiPUT 1=CRy 
OUTPUT 3 = L P 0 
CU-'lpRESS INTEGER AND UOGICAt. 
TRACE 2 
END 
30 
100 
300 
C-
10 
- - • - 11 
C --
20 
19 
in 
17 
MASTER FI !^0-
MAXIHUH ORDER OF MATRICES IS 100 
D M E N S ION QX<100)/X<100),X1(lOO),W(300),BOC100,2) 
OIMENSIO.N XPOS<200),Y-POS<200>"/InUF(1Q00)/DEF(2O0> 
b I • 1 e N S 10 N X A R H A Y < 1 0 0 ) , Y A R R A Y < 1 0 0 ) 
CO-lHOM A / S , C , D , E / ?•/ 6 / II, fl, NX , AM < 1 0000 ) 
READd/100)AL»B1./D1 ,02,03,GNU12.GNU21 ,N,NX/NI • 
FOHi.iAT<7F0,0,310) 
lF(AU.c'.}.0)GO TO 999 
WRlTE<3,30i))AL,B!./D1 , 02 , 03 » GNU1 2 , GN1)21 , N , N X -•-
F0R:|AT(7(2X,E12.5),2I7) • 
AHsAL/CNX-t'l) 
3Ka3L/<N/NX+1> 
A=AK**4*02 
8 = 2*Ail''*2*3K**2*03 
C = -4*(AH**2*BK**2*03-!-A'H**4*02) 
D=3K**4*Dl . . . 
E = -4*(A!1**2*HK**2'»D3+8S;**4-*D1 ) 
F = AH<'*2*BK**4 
G=6*(3K**4*01+AH*»4*0a)-i-8*AH**2*3K**2*03 
H = -2*A:1-»*2*BK**4 
N2=;|*«2 
N Y = = ( / . J X 
Gc'-IERATE MATRIX AH ANO INVERT 
CALL A JTOGE.'JID 
ER=0.lE-6 
NR3 = 0 
CALL F?!lGEU!<:J,E"q,A^^(T),Wt1),0ET,IRaN)C,^•RH) 
lF(.-jaR,GT.0)GO TO 995 
GE-lERATH UAHOED SYMMETRIC MATRIX RQ 
A-lD INITIAL VECTOR X 
B-'Kl ,1 )=0.0 
X<1)=1,0 
DO 10 1=1,M - - • . . . 
.1=3 . . . . .... 
piJ( I ,.J)=-H 
!F<I.EQ.1)G0 TO 10 - -
J = 1 - • - ' 
30(1,J)=-F 
X(I)=0.0 
COllTIHUE - .- -
NC=NY-1 . 
DO 1 1 .X = 1 ,NC 
I = K*;JX-i-1- -— - - . - . . . 
J = 1 
B U < I , J)=0.0 
C O N T I M U E 
,MC0i.lNT = 1 
pi=0.0 
MATRIX KULTIPLICATION aq»X 
DO 17 1=1 
PKni,1=0.0 
pROl.', = 0.0 
lF ( i .EQ.l)G0 TO 19 • 
pk->:,1=:!,5(t,1 )*X(I-1) 
?K->:i2 = i;i}{ 1/2)*X( i) 
IF ( f . nO.:))Gn T;) la 
PS)D.5 = =3.}(I + 1 ,1 )*X(I-i-1 ) 
0X<i )=PROD1+PiMn2 + PROn3 
CONTINUE 
30UVe MATRIX EQUATION AM»X = G!X 
IX. V i 
00/2 
0073 
0074 
0075 
• 0076 
0077 
0078 
..00 79 
0080 
0081 
f>082 
0083 
0084 
0085 
0086.. 
0087 .-. . 
0088 
0089 
009 0 irr . 
0091 .^ -
0092 • --• 
• 0093 rr==.= 
0094 
0095 , ... 
009 6 —--^ 
0097 
0098 
. 0 0V9 
01 UO 
0101 . 
0102 -
01O3 -
0104 - -• 
0105. 
0106--^--
0107 
0108 
0109 — 
01 io-----^^ 
0111 - - •-
•0112 
0113. 
0114 
0115 
0116 - — 
0117 .. - . 
0118 -• -
0119 - -
OliiO 
0121 
0122 
0123 
0124 
0125 
0126-:-- -
0127 
01«:a 
01^9 
0130 
0131 
0132 
0133 
01 34 
CMS 
01-36------^  
0137 
0138 
0139-^ T-
0140 •- • 
0 1 4 1 -
0142 - • 
0143 
01 44 
.014 5 
0146 
0147 
0148 
01 49 -• ^  . 
0150 
INO = 0 
- .— MKR=0 
- •- - CALL FP;iUKT(i;,1,N,AM<t),0X(1),X1 (1),IND, 
,. -iFCijRH.GT.OjGO TO 996 
p = X(1 ) / x1(1) 
... ......... IJRITE<3,310)P 
310 F03!IAT(5H P C =,E12.5) 
.^•.•.=.-.-_-^.^.-.-.C .. - . . S T O P P I N G C R I T E R I O N 
:.^-r. • 1 .NC0UNT = fiC0Ur)T + 1 
- If-(:,'COU;JT.GT.NI)GO TO 990 
V . • E R=p * 0 . 0 0 01 
rr-^ =:=v=^ =^ ,:==^ .v^ OlF=AlJS(Pl-P) -. • 
• " • iFCoIF.Lc . E R ) G O TO 990 
P1=P 
G E N E R A T E N E U V E C T O R X 
- - • 00 12 1=1/N 
X< I)=X1 ( I ) * P 
=.--. 12 C O H T I N - I E 
GO T O 20 • - • • — 
P R I M T D I S P L A C E M E N T V E C T O R X 
^-990 DO ^0 I=1fW 
-TT-.^  .—• WRITE(3,350)X<I> 
-~- 350 FORMAT(10XrEl2,5) 
40 CO.lTINWE 
CALi. PL0TS<I3UF(1 ) ,1000,71 - -
• . . C SCALE DRAWING 
ASlDE=AL+DL*0.5 
•• SCF = A3lDE/9,0 
_ i •— 33lDg = 0L*0.fi66 •• . . . 
IF(3SI-:)I:/SCF-'>.0)52,52,51 
• • i - 51 sCF = 8SlDE/5.0 
-52 KOI.I.iJT=) • • 
71 lF(sCF-10.0)68,69,6O 
0 8 S C F = S C F*10,0 
- . KO:J - - )T = K ' . ) U H T + I 
GO TO 71 . . . . . 
0 9 IF<<0U-)T)72,73,72 
73 SCF = A.JI:-IT<3CF> 
• GO TO 74 . . . 
72 3CF = A:^i;iT(SCF)/<10.0**KOUAjT) 
74 FIRSTV=0.0 
D E L T V=3C F 
• C CALCULATE NODAL COORDINATES 
NY2 = 'JY+2 
SJX2=NX + 2 
DO 53 J=1/NY2 
DO 53 1=1,NX2 
K=I-!-NX2*(J-1 ) 
. . . . . . I F< 1-1)90,54,55 . • 
54 IF<K-1)90,56,57 
57 YP0s<VC)=YP0s(K-1 )+B'<*0,36S 
- XPO3<K)=XPOs(K-'NX2)+3!C*0.5 
GO TO 53 
55 XP0S<X)=XP0S<K-,1)+AH 
YPOs<lC>=YP0sCK-1) 
GO TO 53 • -
56 XPl3<<)=0.0 
YP-lS<K)=0.0 
53 CONTIN IE 
C SELECT ORIGIN 
S3L--;?SI:)£/SCF 
YO = i..2"5-S3L/2. 
X0=T,5 
C ' H L . • > L . ! T < Y ' , , X . I , - . 1 ) 
— - —?-s-crfr'-=-9— — ~— - — — 
C D L^T P L A T S CONTOURS 
C X LT^ES 
70 XARRAY<f|Y2 + 1 ) = CIRSTV - • 
Y A S K A Y ( ; | Y 2 + 1 ) = FIRSTV 
XA^ j{AY<NY2 + 2)=DELrV 
"• -• YAR!<AY<;iY2*2) = ''r:LTV 
ISJ^E = -4Y2 + 2 
DO 58 1=1 .•^ X2 
DO 50 J=1,«iY2 
K=I+MX2*(J-1) 
X A R R A Y ( J ) - - Y I > O S < K ) 
Y A R R A Y C J ) = X P O S U ) 
-.- - 5 9 CO'JTI.l'.lE 
C A L L L I M E U , A , R R A Y , Y ^ R R A Y . N Y 2 , 1 ,0,0. I S I ? E ) 
I X . v i i 
0132 - ^ ^ - - - - - - ^ - C • Y L I N E S 
0 1 5 3 "T-: . X A R R A Y C N X 2+1 >=Fl!?STV 
0 1 5 4 ~ • Y A R R A Y ( H X 2 + 1 ) = F I « S T V 
0 1 5 5 — . -. XARp , A Y ( ; lX2 + 2 ) = 0 E L T V -
0 1 5 6 • - - • Y A S R A Y ( H X 2 + 2)=0gLTV 
0 1 5 7 lSl2i==-!X2 + 2 
0 1 5 8 • • - DO C.0 J=1 / N Y 2 
- 0 1 5 9 - P ' J ol 1=1 , : J X 2 
0 1 6 0 !< = It'lY2*(J-'1 ) 
Olo1 • X A H K A Y < I ) = Y P 0 S ( K ) 
0 1 0 2 - - ^ Y A R R A Y < I ) = X P O S < K ) 
0 1 O 3 ' - • . -61 C'J- ' lTINUe 
0 1 6 4 - . C A L L L I i I F . < X A R R A Y / Y A R R A Y / N X 2 , 1 , O , 0 , I S I Z E ) 
, 0165 v=. :- ..• -60 c o r i t n u e 
- 0 1 6 6 ~ - lF(lS£:i0)66,67r66 
0 1 0 7 - •• - C FI'lD L A R G E S T 01SP I: A C E H E N T 
0 1 6 8 • - 6 7 00 62 :<=1 /^) 
, 0 1 6 9 - . D E F 1 = A 3 S < X ( K ) ) 
0 1 7 0 ' • I F ( K - 1 ) 9 0 , 6 3 , 6 4 - • -- - - . 
0 1 7 1 - 64 l F ( D E F 1 - 0 E f 2 ) 6 2 , 6 3 , 6 3 
01 7 2 03 0 E F 2 = i>EF1 
0 1 7 3 - - - - K I 1 A X = X 
0174 62 CO ' lT IN-JE 
0 1 7 5 • - - C C A L C U L A T E NEW fJOOAL C O O R D I N A T E S 
0 1 7 6 - • • — • NX1=WX + 1 
0 1 / 7 • • NY1='tY+1 - - ~ " 
0 1 7 8 S C A L F = 0 C F 2 / n K * 0 . 8 6 6 
0 1 7 9 - DO 6 5 J = 2 / N Y 1 
0180 DO 65 I = 2 , N X 1 • •• 
0181 - - K = I+.IX2*<J-1 ) 
Q^jj2 - L=I-1+-JX*<J-2) 
0 1 8 3 - - - o E F ( K ) = X ( L ) / S C A L F - • • • 
0 1 8 4 - YPOs < K ) = Y P O S ' , iC ) - t - pEF<X l 
0 1 8 5 05 CO'lTIV-lE 
0186 •• -•• lSErJD=1 
0187 G O TO 70 
0 1 8 8 • 66 C A L L PL0T(12.y/-1.5/999) 
0 1 8 9 GO TO 999 
0190 9 0 >|RITE(>,360) 
0 1 9 1 3 6 0 F O R | ! A T ( 8 H K E R R O R ) 
0 1 9 2 • GO TO 999 
0 1 9 3 - 9 9 5 ySlTE<3,r.20)NRR 
0 1 V 4 320 F0-{;i\T(L'7H MATRIX I N V E R S I O N F . R R O R N O . , ! 5) 
0 1 9 5 GO ro 999 
0 1 9 6 • 9 9 6 U-M r E ( 3 , 3 3 0 ) N K R 
0 1 9 7 330 F03!P.Tf32H M A T ' ^ I X M U L T I P L I C A T I O N E R R O R N O , , 15) 
0 1 9 8 9 9 9 sTIp 
0 1 9 9 E N D 
0200 S U C R O U T I N E A U T O G E N I D 
0 2 0 1 COrtMOS- Af S * C , 0 , E , F , G , H , H , N X , A M < 1 0 0 0 0 ) 
0202 NY=iJ/iJ-< 
' 0 2 0 3 • . - . " • • -. N2=;J>*2 • • 
0 2 0 4 DO 10-L=1>H2 
0205 AM(L)=0. 
- 0 2 0 6 1 0 C0:JTIN.IE 
0 2 0 7 • DO 11 1=1,N 
0 2 0 8 L=I*'I*(I-1) 
0209 - - • - AH<L)=G 
0 2 1 0 - - - IF<I.E0.1 )GO T O 11 -
0 2 1 1 L=I+N*<I-2) 
0 2 1 2 ..... .. .. AM(L)=F 
0 2 1 3 I F ( I . L E . 2 ) 6 0 TO 11 
0 2 1 4 L=I-<-.l*<I-3) 
0 2 1 5 Ai1CL)=D 
0 2 1 6 11 CO'JTINUe 
0217 - DO 12 1=1,Nv 
0 2 1 8 - L=I+N*<I-1) 
0 2 1 9 AM<L)=A:l<L)-A 
0 2 2 0 • - • .r- • K = N-NX + I 
I X . . V i i i 

• 23 -•• 
SO 
1'•. 
2'i 
02<;i 
•.T.= -.. 0 2 . ^ 2 
^ ^ 0 2 2 3 
0 2 2 4 
0 2 2 5 
r- 0 2 2 6 
^ 0 2 2 7 
- - 0 2 2 9 
0 2 3 0 
0 2 3 1 
0 2 3 2 
-• 0 2 3 3 
0 2 3 4 
0 2 3 5 
. 0 2 3 6 
• 0 2 3 7 
0 2 3 8 
- 0 2 3 9 
0 2 4 0 
• 0 2 4 1 
• 0 2 4 2 
" 0 2 4 3 
0 2 4 4 
• 0 2 4 5 
0 2 4 6 
0 2 4 7 
0 2 4 6 
0 2 4 9 
0 2 5 0 
0 2 5 1 
0 2 5 2 
0 2 5 3 
0 2 5 4 
0 2 5 5 
0 2 5 6 
0 2 5 7 
0 2 5 » 
0 2 5 9 
0 2 6 0 
P 2 6 1 
• 0 2 6 2 
0 2 6 3 
. 0 2 6 4 
0 2 6 5 
0 2 6 6 
0 2 6 7 
0 2 6 8 
' 0 2 6 9 
0 2 ' ' 0 
0 2 7 1 
• 0 2 / ' 2 
0 2 7 3 
0 2 7 4 
0 2 / 5 
0 2 7 6 
0 2 7 7 
-- 0 2 7 8 
0 2 7 9 
0 2 8 0 
- 0 2 8 1 
0 2 8 2 
0 2 8 3 
• 0 2 8 4 
0 2 8 5 
-. 0 2 8 6 
0 2 8 ? 
- 0 2 8 8 
0 2 8 9 
0 2 9 0 
- .14 
J = K 
• t.=J+;j*<j.-1) -
• AM<u)aAM<l.)-A 
1 2 CO.-lTI.'ne 
DO 1 3 K=1 
- - I=i}x*(K-1)+l" 
L=r + : j * ( I - 1 ) 
A M < L ) = A ; K L ) - 0 
-• I = K*!4X 
L = I + ' - l * ( l - 1 ) 
A M < l . ) = A M ( L ) - 0 
1 3 CONT!HUE 
NC = fjY-1 
0 0 1 4 :<=1 #NC 
• J = K * M X 
1 = J + 1 
L = I+fl*(J -1 ) 
A M ( L ) = 0 , 
I=J + 2 
• L = I + : N « < J - 1 ) 
- A M < L ) = 0 . 
J = J - 1 
' I=J+2 
A M < L ) = 0 . 
CONTIil'.lE 
N C = : JX + 1 
0 0 1 5 I=,N.C/>J 
J = I - » J X 
L=I+ N * ( J . - . 1 ) . 
AM((.)=C 
L = I+:i*J 
A M ( L > = 3 
1 5 C 0 : 4 T I m ' J C 
.••<C=MX + 2 
OO 1 6 I=rjC»H 
J = t - ( ' 1 X + 1 ) 
(.al+M-Cj-l ) 
A'-1<t)=3 
1 6 CONTIM'JE 
A M ( r ) X ) = 0 . 
i<!C=;i--)X+1 
L=?IC*'.' 
A H < 1 . ) = 1 , 
NC = jJY-1 
DO 1 7 X=2,"r4C 
I=K*MX 
J = ( < - 1 ) * H X + 1 
L = I + N « ( J - 1 ) 
A 1 K U ) - 1 . 
L = I + 1 + l * ( J - 2 ) 
A:UL)=-'). 
1 7 COrlTPrJE 
N C = 2 * : J X + 1 
DO 1 8 I=;jCrN 
• J = I - ( 2 * N X ) • • 
L = i+..f*(j_i) 
AIUu)=A 
IS CONTINUE 
N C = 1 
N N = ri-1 
DO 1 9 1 = 1 » N N 
N C = ; ]C + 1 
0 0 1 9 J = N C , M 
L 1 = I + N * < J - 1 ) 
L 2 = J + N * ( i - 1 ) 
A I 1 ( L 1 ) = A , M ( L 2 ) 
. 1 9 C O : J T I ' I - J E 
RETilK.^  
END 
IX. i x 
APPENDIX X 
SOUTHWELL DIAGRAMS 
X . i 
X . i i 


x.iv 
0-0 0-3 05 07 
x.v 
e 
0-25' 1 
Ai = 0.875. 
^^=1.875 
t-1 mm 
0-15-
ao5-
' + 
-0-02 -0-01 
•f • 
+ -0-05-
0-01 0-02 0-03 0-04 
% 
. - 0 - 1 -
X.vi 
x . v i i 
X . v i i i 
X.ix 
X.x 

x.xi 
2-0- A:i=:0.525 
et = 3.125 
t = 1 mm 
1-01 
X . x i i 
x . x i i i 
X.xiv 
o 
o 
o 
o p 
o 
cn 
o 
o 
(Longitudinal bending) 
X;i=0.833 
£^  = 1 7 2 8 
o 
a 
o 
03. [SI 
o 
a 
o 
o 
a . 
o 
a 
o 
o 
CO 
o 
o 
OJ 
o 
o 
-360.00 -320.00 -230.00 -240-00 -200.00 -160.00 
U STRAIN 
-120.00 -80.00 -40.00 o.ool 
X.xv 
o 
x . x v i l 
X , x v i i i 
o 
o 
- « 
CM 
CD' 
S O L O T [ 1 4 6 3 
A5=0.389 
e,=1.728 
o 
CD 
La. 
CD-
CD 
ccr 
o 
cn 
» 
o 
o 
o 
csj 
o 
0 . 4 2 o ' . 4 6 0 . 5 0 0 . 5 4 
D E F L N / L O f l D 
0 . 5 8 0 . 6 2 0 
X.xix 
0 - 0 4 0 . 0 5 0 . 0 6 0 . 0 7 0 . 0 8 0 . 0 9 0 . 1 0 
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